
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 






•If s 



L; I 




rfifrfTfif/ifii 




» 



I I 




< . , 



,.1,; 






Harvard College 
Library 




By Exchange 



i 

3 


ill 

2044 



iii'iTi'iiiiiiiiii 

097 010 060 



^<£^cTi V g, io'T. «/x^ 





KEY 



TO THB 



NEW HIGHER ALGEBRA. 



By benjamin GREENLEAF, A. M. 

117TH0S OF k MATaBBC4TI0AL 8nUI8. 



JOB THB USE OP TEACHEKS ONLY. 



BOSTON: 
PUBLISHED BY ROBERT S. DAVIS & CO. 

KEW YORK : WILLIAM WOOD & CO., AND W. I. POOLET. 

PHILADELPHIA: J. B. LIPPINGOTT AND COMPANY. 

CINCINNATI : GEO. 8. BLANCHARD. 

NEW ORLEANS: DUNCAN & CO. 

1865. 



GREENLEAF'S MATHEMATICAL SERIES. 



1. New Primary Arithmetic ; or, Mental Arithmetic, 
on the Inductive Plan ; with Easy Exercises for the Slate. 
For Primary Schools. 84 pp. 18mo. 

2. New Intellectual Arithmetic, on the Inductive 
Plan; being an Advanced Intellectual Course, for Common 
Schools and Academies. 180 pp. 18mo. 

3. New Elementary Arithmetic : an easy. Comprehen- 
sive Course, embracing Mental and Written Exercises, for Be- 
ginners. 196 pp. 18mo. 

4. Common School Arithmetic; or, a Complete Treatise 
for Common Schools. 324 pp. 12mo. 

5. The National Arithmetic, being a Complete Course 
of Higher Arithmetic, for advanced Scholars in Common 
Schools, High Schools, and Academies. 444 pp. 12mo. 

6. New Elementary Algebra ; in which the "First Princi- 
ples of Analysis are progressively developed and simplified. 
For Common Schools and Academies. 324 pp. 12mo. 

7. New Higher Algebra ; an Advanced Analytical Course, 
for High Schools, Academies, and Colleges. 394 pp. 8vo. 

8. Elements op Geometry, with Practical Applications to 
Mensuration. 320 pp. 12mo. 

9. Elements op Trigonometry, with Practical Applica- 
tions and Tables. 170 pp. 12mo. 

10. Elements op Geometry and Trigonometry ; or the 
last two named books in one volume. 490 pp. 8vo. 

11. Treatise on Surveying and Navigation; with Prac- 
tical Applications and Tables. [/» preparation.'] 

@*KEYS to the Arithmetics, Algebras, Geometry, and 
Trigonometry. For Teachers only. [In 6 volumes.] 



Entered, aoeonUng to Act of Congress, in the year 1865, by 

ROBERT S. DAVIS, 

In the Clerk^s Office of the District Court of the District of Massachusetts. 



Cambridge : Stereotyped and Printed by Dakin and Metcalf. 
i«AI^*A^u LOLLEQE LifiARY 

\s^< EXCHANGE FBOI 

KEW YOiSK STATE LIBRAfff 

ics 2i 1932 



KEY 



TO 



GREENLEAF'S NEW HIGHER 
ALGEBRA. 



DEFINITIONS AND NOTATION. 

EXERCISES ON DEFINITIONS AND PRINCIPLES. 
(Art. 48, pp. 17, 18.) 

2. Ans. 2x — y*. 

4. Ans. o 6 X c* X ^*> or ab .c^ .cP^ or ab<^dK 

5. Ans. ^±|. 

a — b 

6. Ans. o* '^ 6^. 

8. Ans. ;^ + a« — fi» = V^H^. 

9. Ans. -r- : ;5 = x*^ :y*2;*. 



10. 



6 "c*" 

(Art. 49, pp. 18, 19.) 

3. 72 + 60 — 5 = 127, Ans". 

4. 36 X 11 — 240 = 396 — 240 = 156, Ans. 

5. 900 — 1500 + 108 = — 492, Ans. 

6. 252+(— 1)X2 = 252 — 2 = 250,Ans. 



4 KEY TO HIGHER ALGEBRA. 

7. 60 — 35 — 1 = 24, Aus. 

8. 240 — 91 + 1 = 150, Ans. 

9. 2 + f + 8 = 5|,Aii8. 

10. 4 + 1 + 9= 13|, Ans. 

11. f + f = Jy^ = 4,Aiis. 

13. (1 + 1 + 1)(4+1 — 1)(1 — 1 + 8) = 3X4X8: 
86, Ans. 

14. 8 — 20 + 2 + 18 = 8. 

15. 16 — 16 + 8J — J + tV = 3,Aii8. 

16. l + i-"-[t^M — 5^1_2 = 4. 

17. j-p^ _ 2 + 8 -*-l.Ans. 

18. 9 — 2 + 2 = 9. 

19. 6 + 6 — 2 = 10, Ans. 

20. 5Xl4 + V6X~6 = 70 + 6 = 76. 



ADDITION. 

(Arts. 64, 66, pp. 21-23.) 

3. Ans. 8 ax. 4. Ans. 7n. 

(7.) 
3a+ 6—10 
— a +c — d 

+ 2a — 36— 7 — 4c 

5 +4a:2_i8m 

4a — 2 6— 12 — 3 c — rf+ 4 a:*— 18 w 



ADDITION. 



(8.) (9.) 

la — 5y* Aimn-^-^ah — 4c 

2a +8v^^ 2mn — 4a6 +8* 

5^— ^x +3»»* — 4/> 



— 9a +7^* 6mn 


— ah — 4c + 3a; + 3»»* — \p 


Uyjx 




(10.) 


(11.) 


3a«+ 2o6+ 4J* 


4a*— 5a»— ba3?+ 6o*ar 


5a«— 8 a 6+ J* 


3a:»+ 6a«+ 4aa:»+ 2a*a: 


— a«+ 5a6— 8* - 


•17a* + 19 aa:*— 15 a» a; 


18a« — 20a6— 19 8« 


18a*+18aa:*— 27a»a: 


14a«— 3a6 + 208* 


12a*— 20a» + 8a«x 


39a*— 24a6+ 68* — 


■ 9a!« — 81oa:*+31a»a; 


— 


■ 7a*— a» 


(12.) 


(13.) 


3a6+3(a+4) 


7v/y-4(a+6) 


— a6 + 2(a + 8) 


6v/y+2(a + 6) 


7o6— 4(a + 6) 


2Vy+ («+6) 


— 2a8+6(a + 8) 


Vy-8(«+6) 


7a6+7(a + 6) 


Ans. ley'y- 4(o + 6) 



(14) 
3(c + rf)a:* + 4y — 2Vy 

Gx^y — 2aa:+12 
y+ V^F —Sax 

(c + (Oi«* — a^y+3aa: 

2y + ar^y —14 

4(c + (0a^+7y— V7+6ar*y — 4aa:— 2 
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(17.) 




(18.) 


amx--\'2d^ 




Aax — bmy 


2cx—3dy 




^dx+lny 


Sdx+5ff 




7maT-|-4my 


(am+2c+3rf)a:+(5— <Qy 


(4o+3rf+7in)a:4-(7n— m)y 


(19.) 




(20.) 


3nz — 


5 X 


oa:+5y 


4mz + 


n X 


6aa; — y 


5 az — 


Am X 


2hx+2y 
(7a + 26)a;+6y 


(3n + 4m + 5a)2 + (n — 5 — 


4m)x 


(21.) 




(22.) 


(2a4-c) (m — ^m) 




aa:+rf y* 


b(m — ^ m) 


• 


-rfa: +6y 


— 3 c (m — \/w) 




— *y*+«»y 


(2a + 6 — 2c) {rn — \Jm) {a 


— (QOT 


+(d_6)y.+ (6 + «)y 



SUBTRACTION. 

(Akts. 69-61, pp. 26-28.) 

(9.) (11.) 

31a^— 3y»+ ah 6a + 86 — 5c+l 

ITg'+Sy' — 4a64-7 6a — 8i — 5c 



Ans. 14a:« — 8y*4-5o6 — 7 


Ans. 66 +1 


(12.) 


(13.) 


5xy+ 4a«— 6i» 


11a— 76+ e 


8xy— 9a«— i»4-4 


«+ 76 — 3c+ll 


Acs. 2a!y + 13a« — 6*" — 4 


10a— 146 + 4C — 11 



SUBTRACTION. 



(14.) (15.) 

i»3 + 3n» Sla — 15x — 7 

.4m2— 6n» + 71« 2a — 25a: +y» 



5OT«-f9«»— 
(16.) 

2a — 26 


71a; 

• 


29a+10a;— 7 — y* 

(17.) 
a — h — c 

_a+ ft+ c 


— a + 36 

— a+ b 


2a — 25— 2c 
a — 5-|- c 



26 a— h — 3c 

19. Ans. a — (5 — c — d — c). 

20. 3a + h — a + b = 2a'^2b. 

21. 2a» — 3a«6+4a52 — a» — 6» — a52 
= a^ — 3aH + Sah^ — l/'. 

22. 6a — 9a: — 4a + 5ar = 2a — 4aT, Ans. 

23. 4a — 5 a: — a + 4a: + a: — 8a = — 5 a. 

25. 5a — 45 + 3c — 3a + 2 6 — c = 2a — 25 + 2c. 

26. 6ar^ + 2y» — 3a:« — y» — 2ar^ — 4y*+4a:2 — y« 

27. 1 — 2 + 7- a: + 4 + 2 — 3 — 4 + a: — 5 = 0. 



(28.) 
ay — 6 
dy —c 


(29.) 
aa'^dj/' 
6«* — cy* 


(a_d)y_6 + c 

(30.) 
ax — bx-{-cx 
ax — bx-\- X 


(a-b)^+(d+c)y' 

(31.) 
aa* — b3c!'-\-cx — d 
6ar'+ea: — 2rf 



(c— l)a: ax^ — 2hx^-{-(e — e)x-^d 



KEY TO HIOHEB ALGEBRA. 



(32.) 



— (3a — 2 5)v^i+7+ 3b xy — (6-{-c)s» 

(7a — 7b))/l^'^'\-(a — Ab)xy+ 5^ 



MULTIPLICATION. 

CASE I. 

(Art. 67, pp. 30, 31.) 

5. Ans. 45 m^n''. 11. Ans. — 55 n*. 

17. 8aa:3y»X(— 2a»a?*/)=— 16a*a:V; 

— 16a*a:VX (— 4 a^ a; y8)= 64 a'a^V- 
19. —2ac^X (— 4ac-») = 8a«c-i;8a»c-iX(— 3a52) 

=— 24 a«^c-^— 24 a«^c-iX(—ftcrf) = 24 a«^rf. 

CASE n. 

(Arts. 68, 69, pp. 31-33.) 

(8.) (9.) 

Sa^— 2xy — y^ ar» + 2a:+l 

2x — Ay x^ — 2x +3 

6x»— 4aT2.y — 2ary» a:* + 2a:» + a:2 

— 12 a:ay + 8 a: y«+4y» _2x8 — 4a:2 — 2 a: 

6x»— 16 ar»y+ 6 a: y2 + 4y« 3ar* + 6a: + 8 

a:* +4a-f3 



MULTIPLICATION. 9 

(10.) (11.) 

a +J — c Sa — 2b 

a —b +c —2a -f- 46 

a^-^ab — ac — 6a*-|- 4a6 

_aJ — S'4- he 12o6— Sy 

ac + bc—c^ Ans. — 6a« + 16a6 — 86» 

«« _6a-)-26c— c* 

(12.) (18.) 

a«4.a6+5» 1— a: +a:« —a:" 

a — b a-^-ax 



— a^b — aV^—V ax — aa^-^aT? — av^ 

a* — V Ans. a — ax^ 



(14.) 


(15.) 


5a«— 8a *+ 4J» 


8a —X 


6a— 56 


2a + 4a: 



30a«— 18a«6 + 24aJ» 6a«— 2a x 

— 25a^6+15gy— 20y 12 ax— 4a:« 

30a«— 43a«6+39aJ3— 20y 6a«+10a «— 4a:* 

4a — 2« 



(17.) 24a«-f40a«a;— 16aa:« 

8a + 4J — 12a«g— 20ag^+8a^ 

2a '\- b 24a«-f28a««— 86aa:«-f8a:» 

6a>-i- 8ai 

3a64.4y (18.) 

6a*+lla6+4J2 c^—ifx'\'a^x'—a a»+ar« 
a -}-aj 



a* — a*a:+a*a^ — a^of-^-aa^ 

a^x — a*g^4"<*^^ — aa^-\-a^ 
a* -j-a:^ 
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(19.) (20.) 

o* — 01^ 2 a — a" 



(21.) (22.) 

1 — x-^a^ — a^ 



a* a*«* 20*+^ — 2a*+^ — a^+'-j-a*" 

— a*a?*-|-a:' 
a« — 2a*a?*+a:« 

1— a: 

1+a? 

l—x+se^—a^ 

X — x^-^-a^ — af* 
1— a?* 
1+a?* 
1— ar* 

ar* — a:* 
1 — aJ^ a» + 3a«a:— lOaa:^ — 24a:* 

(23.) 
a»_3a«+ 3a— 1 
aa_2a-f- 1 



a 4-2a: 
a —Sx 


Qa^ 




a*-\'2a X 
— 3a X— 




a* — a X — 

a+4a: 


6a:* 




4a«ar — 


6aa:* 
4aa:*- 


-24a:» 



o«_3a*+ 3a«— a* 

— 2a*-j- 6a«— 6a*+2a 
a«— 3a*4-3a— 1 

a»_5a*4-10a*— 10a«4-5a— 1 

MULTIPLICATION BY DETACHED COEFFICIENTS. 
(Art. 74, pp. 35, 36.) 



(3.) 
1+1—3 
1+0—1 
1+1—3 

_1 _l+8 


(4.) 
1 + 1 + 1 + 1 + 1 + 1 
1 — 1 

1 + 1 + 1 + 1 + 1 + 1 
— 1 — 1 — 1—1 — 1 — 1 


1+1—4 —1+8 
»•+»*— 4«»-«*+3tf 


1 + + 0+0+0 + 0—1 

*«— 1 



orvisioir. 
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(5.) 
1 — 2 + 4 
1 + 2 + ^ 
1—2 + 4 
2 — 4+8 

4—8+16 

1 + + 4+0+16 
a* + *«'** + 16 4* 



(6.) 

8 + 3 + 8 + 3 + 3 

7— 7 

21 + 21 + 21+21+21 

— 21 — 21 — 21 — 21 — 2 1 
21+ 0+ 0+ 0+ — 21 
21o» — 21i» 



(7.) 
1 + 1 + 1 + 1 
1 — 1 

1 + 1 + 1 + 1 
— 1 — 1 — 1 — 1 

1+0+0 + — 1 



DIVISION. 

CASE L 
(Art. 79, pp. 39, 40.) 



Ans. 3^. 

1 = 1 = "- 



8. Zof'e—a-ir^a^c. 



15. -T = -i=< 



CASE U 

(Abt. 80, pp. 40-43.) 

(4.) 



8a»— 4a«J— 6aff'+8J« 



2a— i 



4o»— 8«» 



— 6a*'+3J« 

— 6ay+3y 



12 



KSY TO HIGHBR ALGEBRA. 



(5.) 
■ 4a*— 4a»J-|-8oJ»-|-8J» 
.4a»— 4a»i 



a+ h 



— 4a»+84» 



8aJ»4-3J» 

8ay4-8y 



(6.) 
2a*a:»— 5aa;4-2 
2a*a:»— ax 



2ax — 1 



ax- 



— 4aa;+2 

— 4oa!-f-2 

(7.) 



21a»— 21J» 


7a— 7* 


21a»— 21a*J 


8a«+3a»J+3o«i»+8oft»+8J* 


21a*J— 21J» 


21a*J— 21a»5» 


21a»J»— 21J» 




21a«6«— 21a«y 


21a*V—2l» 




21a«8»— 21aJ' 


21a**— 21 J" 




21aJ«— 21J» 



(8.) 
a:«-{-a:«y«--a!»g* 



a:«g«+y»8«— g* 



DIVISION. 
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(9.) 






a?+y 



7? — a^y+^y* — y*" 



2y» 






*+y 






— «y"+y* 

— Xj^ — f/^ 

2y* 
(10.) 



(11.) 



g+o-t 



oa-)-4 + a-« 



2ai» 



a+x)a«— a:»(a«— ax+a:^— j-pj 

— a*« — a:* 

— g'a — gg' 

aa5* — a:* 

— 2a:» 

(12.) 
a!»+»+a*y+«y+y»+^ a^+y^ 
as*"*"^ -f-a?y X +y 



a^'y 
g^y 






14 
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(13.) 

— 3a:» — 9a:«— a:ay_6ary 

— 3a:«— 9a:« — Sg y 

— a:"y — 3a:y— y» 
— g^y— 3a;.y— v« 
(14.) 

1 — a)l+a(l + 2a+2a«+2a»+etc 
1^ — a 

2a— 2(^ 
2a« 

2a«— 2a» 
2^« 

2a«— 2a* 
2^ 
(15.) 

!+«)« (a— aa:+aa:«_a««+ ete. 

g-{-aag 

— ax 

— ax — ax' 

ax^ 

— aa^ 

— gg* — aa^ 

as^ 



(16.) 






fl^l—Jn+l 






o«-i-[-^-i 



DIVISION. 
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(17.) 
a« _|_ o« «» -f o« J* + o« 6« + ft* 



a« + o»6-|-o''J» + oi« + J* 



a«_a»J-|-a»ff' — a6« + ft« 



— afh — a«y — a»y — a*6* — a»y 

— a»5» + 6« 






DIVISION BY DETACHED COEFFICIENTS. 



(Abt. 81, pp. 43-45.) 



(3.) 



6 — 17+ + 16 
6— 8 

— 9+0 

— 9+12 

— 12 + 16 

— 12 + 16 



8 — 4 



2 — 3 — 4 

2a* — 3a:y— 4y* 



(4.) 



3+3 — 4—4 
3 + 3 



1 + 1 



3 + — 4 
_4— 4 3y»+0a?y— 4a:» 
— 4—4 



16 
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(5.) 
1_8— 8 + 18—8 
1 + 2— 2 
_6— 6 + 18 
— 5 — 10 + 10 

• 4+ 8—8 
4+ 8—8 

(6.) 



1 + 2 — 2 



1 — 5 + 4 
o»— 5a6+4J» 



1—6 + 10 — 10 + 6 — 1 
1 — 2+ 1 
—3+ 9 — 10 
— 8+ 6— 8 

8— 7 + 6 
8-^ 6 + 3 

— 1 + 2 — 1 

— 1+2—1 



-2 + 1 



1 — 3 + 3—1 

«»• — 8m'n+Smn* — n* 



(7.) 
1+0+0+0+0+0+0+1 1 1+1 

1+1 

-1+0 

—1—1 



ll— 1+1—1+1— 1_^1 



1 + 
1 + 1 



-1+0 
— 1 — 1 



1+0 
1 + 1 



-1 + 

—1—1 



1+1 
1+1 
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USEFUL FORMULAS. 

(Art. 90, pp. 46-48.) 

5. Ans. 4m«+12mn + 9n«. 
7. Ans. IQa'U^—Sabx-^a^. 
10. Ans. 9 a*— 3«. 



16. (c — a+5) (c + a — 5) = ((?— a — i) (c + a — 5) 
= c«— (a — 5)«=c« — a«4-2a3— ft«. 

17. [(a + J) + (c + rf)][(a + 3)-(c + d)] 

= (a + J)a_(c + c?)«=a3+2a» + J»— c«— 2crf— d«. 



FACTORING. 

(Arts. 101, 102, pp. 61-54.) 

3. Ans. (a + a:) (a + a:). 5. Ans. Sahdb-^Sad). 

6. 1— 8a:»=l»— (2a?)«=:(l — 2ir) (l4-2a: + 4ar»), by 4. 

7. 3hx''\-ebxy + 3hf/ = 3b(x'+2xy-]-f) 

= 35 (a;+ y) (ar+y), by 1 and 2. 

8. 81 o«— 1 = (9 a*)«— 1 = (9 a*+ 1) (9 a*— 1) 

= (9a*+l) (Sa^+l) (3a«— l),by3. 

9. 5x«+5y^=5(x«+y«) 

= 5 (ar+y) (a:*— a:»y4-a:2y2_ ary»-fy*), by 1 and 4. 
10. na:^ — 2nxf/'\'ny^=n(3c^ — 2a:y-(-y^) 

= n(x—y) {x—y). 
12. a^— y*=(a:*)«-(3^r=(:c*+y^)(:c*— j^) 

= {^'-\'f) (^+y) (^-y). 

14. cr»_(a_5)2=r[c— (a — 3)][(?+(a— 5)] 

= [c_a + 5][c + a — 3]. 
16. awi — aw-|-ftm — hn^=ia{m — n)-(-5(m — n) 

= (a4-*) (^ — «)• 
2* 
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17. a«— 5«=(a»4-^) (a«— 5») 

= (a + ft)(a«— ai + ft2)(a_J) (a^J^ab + Ir'). 

18. a:»4-12x + 20=a:»+ (10 + 2) ar+ 10X2 

= (x+10)(:r+2). 

19. a«— 16a + 64 = a«— (8 + 8)o+8«=(a— 8)(a — 8). 

20. a«+a — 2=:a«4-(2 — l)a — lX2 = (a — l)(a+2). 

21. ft4_52— 20=3*+ (4—5) i«— 5X4= (52+4) (**— 5). 

22. a^ff^l2xy + 27 = a?f+(d + S)xy-^9XS 
= (a:y + 9)(a:y + 3). 

24. a:2_j^^_j_|^^_(3^j)^4.3Xi=(a:_3)(a?— i). 

25. ar»y — J^ary — J^y=y(a:»— J^x— J^) 

=y(^+H-5]:r-5Xi)=y(x-5) (:r+f). 

26. 5a»6— 5 0^5— 30a6 = 5a5(a2— a — 6) 

= 5ai(a«+[2— 3] a — 3X2) = 5ai (a — 3) (a+2). 

GREATEST COMMON DIVISOR. 
CASE I. 

(Art. 107, pp. 56, 57.) 
(2.) (3.) 

3a a^—2a^x =ax(Sx—2a) 4La^b c = 2X2a^b c 

a*gi»—3abx = ax(ax—Sb) 6a«5 rf=2 X 3a«ft rf 

ax 2a*58c= 2a^^c 



(4.) 

6a:»y— 12ar»y2+3x y» = 3a:y (2ar» — 4xy+yO 
4 a 3:^+4 a a: y +4a*ar =4aa:(a:+y + a) 

Ans. «. 
(5.) 
a^—a^=(x—a) (ar^ + aar+a^) 
a:^ — o2^(a: — a) (x +o) 



2a«6 
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(6.) 

«i«+2mn-f-n«=(m-|-n) (m + n) 
n^ — «^=(m-|-n) (m — n) 

(7.) 
5a»— lOa^i +5a ^2=5 a {a — h){a — h) 

8a»— 8a«5=2»o«(fl — &) 

a (a — 3) 

(8.) 
^c + 75c + 12c= c(6+3)(6+4) 

3a y+21a5+36a=3a(ft+3) (^+^) 

(5+3) (5 + 4) 

(9.) 
a?*— 1 =(a:«+l) (a:+l) (ar— 1) 
a:» + a:«=(a:*+l)a:« 
ar*+2a:«+l =(a:«+l) (a:^+l 

CASE n. 
(Art. 108, pp. 57-60.) 

(3.) 
a«— 5flra+4ar*)a«— a^»»+ 3ax*— 3a:»(a+ 4 ar 
a* — 5a^+ 4ar* 

4a^a:^ — aar^ — 3x* 

4a^— 20aar'+16x» 

IQaa:^— 19a:» 

a — x) a^ — 5aa:+4a:* ( a — 4a; 
a^ — <xx 
— 4aa+4a:^ 
— 4aa+4a:* 
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(4.) 
a:»— 7ar+10)4a»— 25a:a-f.20a:+25(4x + 8 
4g»— 28ar»+40ar 

3x'—20x+25 
3a:«— 21a: + 30 



X— 5)a:»— 7a:4-10(a: — 2 
x'—5x 

— 2ar4-10 

— 2^4-10 
(6.) 

^•— y*»-^-|na:»)y^— a?* (y+« 

2yV»— 2ar* 
(6.) 



a:*+2a:« — x—2 
a^^2x'+ a>-t-3 



a?*— a:»+ 2a:2+ a^- 3 
3 



8aJ»_2a:^^2x--5)3a^— 3a:»+ 6a:^ 3a?-f- 9 (a: 
3a?*— 2a:»— 2x'— 5x 
— a:»4- 8a:*+ Sx+ 9 

3 

— 3a:»+24xH-24a:+27 (—1 
— 3a:«-f 2a:»4- ^H" ^ 
22a:«+22aH-22 
a^aH-1 ) 3a:»— 2a:2— 2a>— 5 (3a:--5 
3a:»+3a:»+3a? 
— 5a:^ — 5x — 5 
— da^ — 5a? — 5 
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(7.) 

— 331*). 

2a«+3aa:— 9a:«)6a«— 17aVfl4ar*— 3a?(3o— 13a: 
6a»+ 9a^— 27aa^ 

— 26a«»-|-41aa:«— 8x» 

—26a^S9aa^'\-n7s^ 

S0aa^—I20a^ 

2a— 3a:)2a«-|-3aa>— 9a:^(a+8a: 
2o*— 3aa; 

Qax—da^ 
Ans. a(2a — 3a:) = 2a^ — 3a«. Qaa>—9x^ 

(8.) 
aj44.6a:» + lla:^+ 4 ar — 4 
a;*-|-2a:«— 5a:«— 12 ar — 4 
4a:»+16x3+16 x 
aJ»4- 4a: + 4)a:*+2a:» — 5a:«— 12a:— 4(ar»— 2a:— 1 

— 2a:»— 9a:2— 12a: 

— 2a:»— 8a:«— 8a: 



— x^— 4a: — 4 

— x^ — 4a: — 4 



(9.) 

6a:»y4-4a:y»— 2y»=y(6a:«4-4a:y — 25O 
8a:» + 4a:«y — 4a:y2=4a: (2a:2^ay_y2^ 

2a:2+a:y— y»)6a:^+4a:y— 2y«(3 
egi»^3xf/—3f 

a: + y)2a:»+ xy—y'{2x—y 
27?^2xy 
2 ( a? +y) = gr. com. factor. — xy — y^ 

— xy—y^ 
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21a*—26x'-\-Sx 




2 

X 




:a_a._6)42«»— 62a;4-10(7 




42a:»— 7*— 85 




— 46a;-f46 




X— 1)6««— X- 


-5(6a;+5 


6«*— 6x 




5a:- 


-5 


5a;- 


-5 



.l)4aJ»_12a:3+9ar — l(4a:« — Sx+l 

— Sg^ + Sa; 



ar— 1 I 

x-1 



LEAST COMMON MULTIPLE. 
CASE L 
(Art. 113, pp. 61, 62.) 
(2.) (3.) 

8a* =:2»a* 2 (a +i) = 2 (a + 5) 

10aH=2 X^aH 8 (a«— y)=3 (a + ft) (a — ^) 

12q«y = 2^X3a«y 6 (a^— ft«) = 2 X 3 (a + ^) (« — ^) 

120a*6^=2»X3x5a*5» 

(x+l) (a^-l) = (x^iy(x-l) 

x»— 1 =(x— 1) (a:« + a:+l) 



LEAST COMMON MULTIPLE. 

(5.) 

(« +*)'=(« + >)» 
a»— 6» =z{a-\-b) (o — ft) 
(a — by=(a — hy 
a» -j. 3 o« ft -f- 3 a ft" + ft» = (o + ft)» 

(a + ft) (a« — ft^« = (a + ft)« (a — ft)« 

(6.) 
4 (1 — a:") = 2« (1 + x) (1 — «) 
8(1— x) = 2»(l— x) 
8(l+x) = 2«(14.x) 
4(l4-x^ = 2'(l+a:0 

8 (1 - X*) = 2« (1 + a: ) (1 - X) (1 + x«) 



CASE n. 

(Akt. 114, pp. 62, 63.) 

(2.) 
a:«_2xV_a;y»_j_2y»)3x»— x^— 3xy«+ y»(8 
3a*_6a%— Say'+ey* 
5x^— 5y* 

X* — y* ) x»- 2xV-a3r'+2»* («— 2y 
X* — ^ay* 

— 2xVf2y» 
— 2xVf 2y» 



(a:" — 2a:'y— a:j(»+2y») (Sa* — a*y— 8a:j(»+/) _ 
x«_y« ~ 

(x— 2y) (3x»— x«y— 3xy«+y»)=(x— 2y) (3x— y) (x^— y») 
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(3.) 

— a:«+16a:— 15 

8a:— 8 
X— l)a^ — Sx-\-7(x—7 
a?— X 

— 7a: + 7 

(4.) 
2a:a+3a:— 2)6a:»— a:— 1(3 
6a:«+ 9a: — 6 
— 10a:+5 

2a:— l)2a:3+3a: — 2(a:4-2 
2ar»— X 





4 


»— 2 






4. 


r— 2 




2a;— 1 


)6a«_ «— 1(8;b+1 
6««— 3ar 

2a:— 1 
2a:— 1 






(2x' + 8a 


— 2)(6x«-x-l)_ 


-2) (3 


r+1) 




2X-1 (2a:*+3a:- 




(5.) 








FIBST SOLUTION. 






a=«+5 


)x—8)a?+5x-{- 4(1 
a:»_j-2x— 8 
3a:+12 








x+ 4)a:*+2a:- 


-8(a:- 


-2 




a?-\-4x 








— 2a:- 


-8 






— 2a;- 


-8 
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=a^-|-3a»— 6 a:— 8 
a:«+7a;+12)a:«-|-3a:«— 6a:— 8(a: — 4 
g>-j,7ga-|,12a: 
_4a:a_18a:— 8 
— 4a:«— 28 a: — 48 
lOx-l-40 

a:4- 4)aJ»-f-7x+12(a:+3 

8a:+12 

3a:4-12 

=a:*+6a:»+3ar»— 26x— 24 

SECOND SOLUTION. 

aJ»-j- 5a:+ 4 = (a: + 4) (a:+l)^ 
a:»+ 2a:— 8 = (x + 4) (a: — 2) I Art. 102. 
x"-^ 7a: + 12 = (x + 4)(a: + 3) j 

a:*-|_6a:» + 3ar»— 26a: — 24=(a: + 4) (a:+l) (a:— 2) (a:+3) 

(6.) 

FIRST SOLUTION. 

a:a_4a^)a:«-|-2aar»+4a2a: + 8o»(a:+2a 
a^ — 4a^a: 



2aa:«+8a«a:+ 8a» 
2aa:« — 8a» 



8 a^a:+ 16 a» 

a: + 2a)ar» — 4o«(x — 2 a 
a:^ + 2oa: 

— 2aa:— 4a» 

— 2aa:— 4a« 
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(a'— 4tf)(a:'+2ga'+4a«g+8(i») 
x+2a 

=(«— 2a)(a^+2aa:«+4a«a:+8a«)=ar*— 16 a* 
aJ_2aar» + 4aaa — 8a»)a^— 16a* (a:+2a 

ag*— 2aa^-f-4a'a:^— 8a»g ' 

2aa^ — 4a«ar»+8a»a;— 16a* 
2aa:» — 4a»a:»4-8a»a; — 16 a* 

(a^ — 1 6 g*) (a:» — 2 g a* + 4 a« z — 8 a») ^ ^ 

a:»— 2aa;* + 4a«x — 8a» —a-— 16a. 

SECOND SOLUTION. 

aJ»_ 4a«=(a._2a) (x +2a) 
aJ-|-2aa:«+4rt«a:-|- 8o»= (a:+2a) (a:^-|-4a») 
a^_2aar'+4a^a:— 8a»= (x— 2o) (a:^ + 4a«) 

a:*— 16a* = (a:— 2 o) (a: +2a) (x'+^a^ 



4. 



FKACTIONS. 

REDUCTION OF FRACTIONS. 

CASE L 

(Art. 129, pp. 67-69.) 

56 6 m' a;* 14 ma^X46ma:* 14 ma^ 

76 6 TO x* 19X46ma;» 19 * 

lOaft'crfe* 6Xl9a6crfe» 6 



IGc^bcde^ 4a«6* X I9abcd^ 4 a* c' * 

6a'-|-5 aa? — 6z* (3a — 2x) (2 a + Src) 8a— 2a: 

6a*4-13aa:+6a:« ~ (3a4-2a:) (2a-|-8ar) 3a+2x* 
g' — a;' a* — a' 1 

543174 — (^Tz^^^ip^ — sqr?- 

x*-3^— ' (a:« + 2^)(x«— y») " a;» + 2^ * 
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8j:»— 24a?— 9~8(a;» — 8ar — 8)""** 



10. 



aaf* — 5rB*»+* af»(a — 6a;) jc** 

a*bx — 1^3^ b X (la -{- b x) (a — bx) bx(a-\'bx) 



b(a + bx) 

- 5x+2 feg+2 _ 1 

264-(6« — 4)ar— 26a:»~(6— 2x) (2 + 6a:) ""6 — 2x 

CASE n. 
(Arts. 130, 131, pp. 69-71.) 

3. Ans. l-|-aa. 
5. 



6X — V--- — ..*-r..^-r---. — «-. — x-p— . 

a — X a — X 

6« 



6. a:— 8)2ar» + 5 (2a: + 6 ' ^^ 



X— S 
2a:^— Gar 

6a:+ 5 

6a;— 18 



23 

7. ?!£j = ^izlK^+i)_^^,^ 



X — 1 X — 1 



8. 2a:»-a:+l)4a:«-2a: (2- ^^J 

4a;«— 2a; + 2 
— 2 
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ro«(m*— n*)-4-^ (m»— mfi«) _ m«(m*— n*) (m*+ n*) + Sm (m*—^^ 
in«(m'4.n«) + 8m ^ , - , 8 

12. ^:^p^ = a«5xa^5^Sr^ = a»fta:*y. 

13. Ans. a^y»2?. 

z^a^icf — aH—al^-^V). 

,- 6a;(a; — l)-*4-8(x— 1)-* - , i\ i « / i\ 

15. —5^ (x-^\r^ ^ =5x (a — 1) +8 (a— 1) 

CASE m. 
(Art. 132, pp. 71, 72.) 

, B* — cd an + 6* — cd 

2. a-| = — -*- . 

* n n 

4n*+5a _ 56a? — (4n*+5a) _ 56g — 4n« — 5a 
^- 7^ ""8 ~ 8 "~ 8 • 

4 Ana ^^-« + ft 



5. a + 5- 



+ 6 a4-^ a-\-b' 



^* 1+ 26c ~ 26c ~ 26c ' 

8fl«^26*_4a« --3a«4-2 6« _ a*4-2 6« 
2a 2a 2a 

I I a; a; X 
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10. ^_5i^_g-^C^^)_ ^-g^+g^-g^ + 83^ 
a:— 2 X — 2 

_ 3^'-2x' — 3x a:(z*— 2g — 8) 

~ a? — 2 "■ a?— 2 

CASE IV. 

(Arts. 188, 184, pp. 72-76.) 

2 3x SxXx(b — c) S&jg' — Sea' 

y yXar(6 — c) bxff — cxy' 

4 TO 4mXy(b — c) 4 6 my — ^cmy 

X «Xy(fc— c) hxy—cxy 

q __ aXxy axy 

b — c (b — c) Xxy bxy — cxy 

o ab . l^ be , bd 

8. a = ^; b=pe = -^;d=^. 

4. The least common multiple of 6 a and 4 is 12 a. 

' 6aX2 12a 

12a-4=3a; il><l5 = ^. 
' 4X8a 12a 



5. 



-^5y_ — 5yX(— 5<Q _ 25dy 
7 6a? IbxX (r-^d) —Sbbdx' 

£c 8cX (•— 5) X 7&a; — 105 6 car 

d ~ rfX(— 5)X 76a: ~ — 856dx' 

4 4X76a;<? 2Sbdx 

— 6 — 6X 7 6a?rf — 35 6Jx' 
6. The least common multiple of a-^-b, a — 6, and a* — 6^, is 

cf(a — b) 

(a^-V^^(a^)-a^b' (^ + ^) X ( « + &) _ (« + ^)' 
^a (T) . (a-^) — a+0, (a_6) x (a + 6) "" a«-6*" 

/a M\ / 9 MX 1 a«6«Xl a«6" 

3* 
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7. The least common multiple of 1 — x, (1 — x)*, and (1 — «)• 
_ ay (•!—»)' 

- ii-xy • 

(l—x\*^a—x\* — l—x- °»'X(l-g) 
^1— a; T-^1 X) —I X, (i_^).x(l-x) 

aa'(l— z) 

tA «r L lA Sc'XlOa 80ac* 

aJXiOa 10a*b 

ADDITION OF FRACTIONS. 
(Abt. iSSf pp. 76-77.) 

^ 4o I fl — 8 1^<* I 7« — 21 23a — 21 

7 "^ r"~'28'"T 28 "" 28 ' 

_ 24m + 9a + 8n + l 
"■ 6 ' 
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. 4a— 8 , 7a+ l ^Sa 24a~18 , 70a+10 , 45a 

5 ■»" S "'2 SO ' SO "•" SO 

139a — 8 . 

= -so— ^^«- 

8 8a — 3ft , 8a4-86 6a 



^* a + fc^a— ft~ a* — ft» ~ a*- ft» — a«— V 

^ Sai" , , , 2aa: , , Sca^ , 2a6a: 

6. o— -^+5-f--— = a+5. 



= a+b + 



c ^^ 6c *^ 6c 

2a6g — 3ca^ 



7 Q , q + ft . g — 6 _ 2a* — 2y . a«+2a6 + y 
^"Ta— 6"'"a + 6— a« — 6» + a« — 6» 

, a« — 2a64-y 4d« 



^ a«— 6» ""a«— 6»* 

1 + x + a;*"'"!— a: + a;*~l + a:« + a?*"»"l + a:« + a^ 
_ 2 

9 8 g+l a — l _ 8y — 8 a«6+a64-a« + a 
' 5 6 — 1 6+l~a6' — a ab'^a 

0*6 — a6 — a« + a _ 8y — 2a»6 — 2 a — 8 

a^ — a aft' — a * * 

lAoioi i2a: 8a? ^, 18a: 40a: 
10. 2a + 3a+a + ---- = 6a + — - — 

— Qa — ?^ 
~ 45 • 

11 a4-6 . b + c . c+a 

* (6 — c) (c — d) "^ (c— a) (a — 6) "^ (a — 6) (6— c) 

_ (a + 6)(a-6) . (6+c) (6-c) 

— (a — 6)(6 — c)(c — a) "T" (a— 6) (6— c) (c— a) 

■•"(a- 6) (6 — c)(c — g)~ (a — 6) (6 — c) (c — g) 




(a— 6) (6— c)(c— g) 



0. 



82 KEY TO HIGHER ALGEBRA. 

12. 1 ^ bojh^c) 

a(a — h)(a — c) abc(a — b)(a — c) (b — c)* 

1 — ac(a — c) 

j(6 — c) (J — a) ~ a6c(a — 6)(a— c)(6 — c)* 

1 ab(a—b) 

c(c — a) (c — b) abc(a — b) (a — c) (b — c)' 

Adding these three fractions, we obtain 

l^C'^bc'^i^c + ac' + c^b'^al^ 
abc(a — b) (a — c) (b — c) 

abc((0^b — al^-]-l^c — fee* — a^c-]-a(^ abc 

SUBTRACTION OF FRACTIONS. 
(Art. 186, pp. 77, 78.) 

2. 

„ 2 2 2a+ 2 2a — 2 4 

a^^ ~ a+1 ~ a«— 1 a« — 1 ?^' 

. 3a-~26 2q — 46 15a6 — loy eac — 12bc 

3 c 5b 16 6c 15^^^ 

15afe — 6ac — 10y + 12&c . 

15oc ' 

g + y ar— y a:' + 2gy4-y« a' — 2a;y-f y» 4a:y 



7x 




4x 




49 X 




20 X 




29 X 


5 




7 


— 


35 




35 


— 


36' 



5. 



x— y x+y a:*— y* x* — y« x* — y«' 



6. 8«-a + -^ + -^=2a + ^. 



6 6 ^ ' 6 



= bx + a-^j. 

0*4. 2 a5 + y a«— 2 g 64- y _ 4 gj _ 
aft aft aft 

• fti'a' aft ~ aft(a — 6)« ~ aft(a — ft)«' 
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10. 



ah{a--hf ab(a-^by~ ah^a—bf 
g* — 2a«y + 5* _ 4a»y _ 4a5 



24 



2(x+l) 10(a:— 1) 6(2x + 8) 

_ 25(a: — l)(2a: + 8) (x+l)(2x+8) 

— 10(a;«— l)(2x-f8) 10 (a:* — 1) (2ar4- 8) 

48 (z*—!) 



10 (a:* — 1) (2x + 8) 



_ 50z*4-25j— 75 — (2a;* + 5g+3) — (48z* — 48) 
~ 10(a;« — l)(2a:4-8) 

20x — 80 2x — 8 



"■lO(a;«— l)(2ar4-8)~(a:« — 1) (2x + 8)' 

MULTIPLICATION OF FRACTIONS. 
(Art. 137, pp. 79, 80.) 



5a2^ ^ Saba^ — 16a*b3*^~ a' 

ar + y x + y ~ (ar-fy)* a;*-f2a?y + ^ ' 

V'a/'^n a ^ n an 

4x4-2 5a? _ 2(2a;+l) 5j? _ lOar 

3 ^ 2a:+l~ 8 ^ 2a: + l"~ 8 * 

g 2a:— 1 8g + l _ (2x— 1) (3 ar^- 1) _ 6a;«— >a?-~l 
11. Cancel the common factor (a — 5). 
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(12.) 

FIRST SOLUTION. BKCOMS SOLUTION. 

Sl^—X-\-l 1,1, ^_ l+X + 3? 

I 1 a*~^7'*''-— a* 



i+T + :3 



a* ~ a? 



a?—x-\-l 



X 



i-i+! 



+1 V 



■l*** "li A "i — _j- j_ — j_ ' • 



1—3^ ^ 1— j^ 



14. Vt4X 



C'+i^.) 



_ (l + z)(l-a) (l+y)(l-y) V ^_ _ Iziy 
~ 1+y ^ «(! + «) '^1— a:~ x ' 

15. !g x(«'-y) = '''^^°t-y°-^^ =3ay(a+&). 



^«- K^-9(l+^) = *(^-^.) = 



6(0*— 6') _ 8*— 6« 



DIVISION OF FRACTIONS. 
(Arts. 138-140, pp. 80-83.) 



2 ' 18 




2 


^^8fi 


«"~ 6n*" 






__ 1 


X 


1 _ 


1 




Sx+l . 
9 


Ax _ 
8 " 


_ 8 


^+1 

9 


xf.= 


8«+l 
8 


Sar+l 
— 12x • 













Xi-x 

4a? 
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2a? — 1 • «+l~2a: — l'^ 2 ■~"2a;--l'^ 1 



2a:— 1 ' 



2a4-6 , Sa-\-2b _ 2a-\-h 4a + 6 

8a— 26 • 4a + 6 8a — 2fc '^ Sa^- 26 

_ 8a' + 6a5 + 6« 

a;» — 2xy + j^ * x — y («— y)(a?— y) a:(x4-y) 

1 
— T 

g 9a:»— 4y* , 8a: — 2y _ (8a;+ 2y) (8a: — 2y) 
a:4-y ' a:" — y* x + y 

X^-4feSr^ = (3.+2y)(._y) 

= 8ar»— ary — 2y». 

2a — b . 2ac 2a — b 86 — 1 



4ac " 86 — 1 4ac 2ac 

__ 6a6 — 2a — 86^+6 
— 8a«c« 



^"- \^a_|_6t-fl_5/ • \a — b a + b) — €?-^V ' a"— 6« 






... (^-■).(.+i)=^. 



1\ a:*- 1 _^ 3^ + 1 _ a:' — 1 

a: a:* 



y ^ _ (a^+l)(a:'-x* + x'-l) .. x 
^a;»+l~ a:* ^ a^ + 1 

x' ' X ar 

The division may also be performed without reducing the mixed 
quantities to fractional forms, as follows : 



86 
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* Of* 



«--«+4-i 



a^ + a« 



g-l-ar^ 



■** — ar* 



sf — x + ar* — ar* 



— «*— 1 



a*— ar* 
a*4-ar« 



14. 



16, 



16. 



1 + i 



— ar'' — ar« 
— ar« — ar* 



1 



a?* 
J_ 
a^ 



^^* c + J c»+6»~ c»-fft» c» + 6« 

_ 2(yc — 6c«) c + fe . c'+y_ c« + 26c4-y , c«+y 
~ c»+ft» ' c — 6 + c"— 6*~ c«— 5^ +c« — 6« 
_ 2(c»+ftc+y) 2(yc — 6c«) ^ 2(c'+6c + y) 



_2(yc— Re*) 






c— 6 _ _ ftc(6— cy 



a 



rx* 



•^ c \ ' cf acn-\-hn 

tn / m\ enx — cm' 

X ix ^1 en 

n \ nf 

;. 3 \ 3/'^ 3 m — n 

~lc a:X3 3x ' 

17. y-^+l_(y-^ + l)x^_4y-4:r + 2 



a. 



7f 



7f X4 
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Ifi 1 J *+l_«-* 1 *+!_ 4 , 






S-x 

1X4 4 4 



— a:+iL-«— (a:+il5£)X4— 4«+3— X — 3(a:+l) 



SIMPLE EQUATIONS. 
TRANSFORMATION OF EQUATIONS. 

(Abt. 151, pp. 86, 87.) 
4. Ans. 4x+12a: = 25— 9. 

(Art. 152, pp. 87, 88.) 

2. Multiply by 6. 3. Multiply hj hen. 

4. Multiply by 6 <?. Ans. oft a: -|- ft* — ac:=zcx-^dL 

5. Multiply by 24. 6. Multiply by ft c?e. 
7. Multiply by 16. 

SOLUTION OF EQUATIONS. 
(Art. 155, pp. 89-92.) 

5. Given 12x— 3a;— 2a: = 63 

Uniting terms, 7 a: == 63 . 

Dividing by 7, ar= 9 
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6 Given a: — 1+13 = | + 40 

Multiplying by 4, 4a: — a: + 52 = 2x-|-160 

Transposing, 4a — x — 2a:=:160 — 52 

Uniting, a; =108 

7. Given 7a;-|-2x=12a:— 86 
Transposing, 7ar-{-2a:— 12a: = — 86 
Uniting, — 3a: = — 36 
Dividing by — 8, a:= 12, Ans. 

8. Given '..+ ±=±^22 

Multiplying by 60, 12a:+5a:=6a:+1320 

Transposing, 12a:-|-5a:— 6a:=1820 

Uniting, 11 a; =1320 

Dividing by 1 1, a: = 120 

9. Given -' = J-|-<j 

Multiplying by ae, a =zhx'\-cx 

Transposing, — hx — cx = — a 

Ch. signs (Art 151), bx-\-cx = a 



Factoring, (6 -j- c) a; = a 



Dividing by ft -j- c. 



a 



b + c 

X , X 



10. Given x — ~-f-20 = 4-+-f +26 

Mult, by 28, 28a: — 4a:+560 = 14x+7a? + 728 

Transposing,28a:— 4a:— 14x— 7a: = 728 — 560 
Uniting, 8a: = 168 

Dividing by 8, a: = 56 

11. Given 3a: + ^+15 = |+41 
Multiplying by 4, 12 a:+ 3 x + 60 = 2 a: + 164 
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Transposing, 12x + 3a; — 2a;= 164 — 60 

Uniting, 13 a: =104 

Dividing by 18, x = B 

12. Given x—^^^ = 8 

MultiplTing by 6, 6 a: — 4 a; — 8 = 48 

Transposing and uniting, 2 x = 56 

Dividing by 2, a; = 28 

iQ r.- oi I 8x— II 6a: — 6 97— 7a: 

13. Given 21+^^=—^ + —^— 

Mult by 16, 8364-8a;— 11 = 10x— 10 + 776— 56a; 
Tran8posing,3x—10a:+56x = 776 — 10+11 — 336 
Uniting, 49 a; = 441 

Dividing by 49, a: = 9, Ans. 

,- ^. -_ 6x — 4 8a:+4 ^^ 8a:+8 

14. Given 17 a: r -I— = 20 a: -^ 

9 2 

Multiplying by 30, 

510a:— 50a:+40--48a;— 24=600a:— 45 a:— 120 — 150 
Transposing, 

510a:— 50a:— 48a:— 600a>-|-45x = — 120 — 150 + 24 — 40 
Uniting and eh. signs, 143 a: = 286 
Dividing by 143, a: = 2 



15. Given 


aa:*+fta: = mar*+na: 


Dividing by a:, 


ax-\-b = mX'\-n 


Transposing, 


ax — mx = n — b 


Dividing by a — 


n — h 


' a — m 


16. 


FIBST SOLUTION. 


Given 


a-^r^^ = ^'\'C + d: 



Multiplying by a:, ax-\-\=-bx-\-ex-\-d 
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Transposing, ax — bx — ez = d — 1 

d— 1 



Dividing by a — h — c, 



a — b — c 

SECOND SOLUTION. 

Given a-^x'^ = b-{-e-{-dx'~^ 

Transposing, ar^ — dar^^^b-^-c — a 

Dividing by 1 — d^ oT^ = ^__"T 

Taking reciprocals, x = . , 

Changing signs, g= ^J7---c 

17. Given ^££±1)+ 3 _3 

Clearing of fractions, 

8a:«+14aT+6 + 3a;+9 = 8a:»+32aT + 24 
Transposing and uniting, — 1 5 a: = 9 

Dividing by — 15, a: = — j 

18. Given J-* = T-l 
Multiplying by 12, 3 a: — 48 = 20a:— 14 
Transposing and uniting, — 17 a: = 34 
Dividing by — 2, xz= — 2 

19. Given aa:+6 = | + &-i 

Multiplying by ab, a^bx-\'al^ = bx-\'a 

Transposing, a^bx — bx = a — al^ 

Factoring, b(a^—l)xz=a{l — bt^ 

Dividing by 6 (a«-l), ^ = ^&^ 

20. Given 1.2 a: — '^^"^7 '^^ = .43:+ 8. 9 
Multiplying by 50, 60 a: — 18 a: + 5 = 20 a: + 445 
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Transposing and uniting, 22 a; = 440 

Dividing by 22, ar = 20 

21. Given (a-f «) (6+a:) — a (6+c) =5^''+a:« 

c? c 
Expanding, ah'\-ax-\-hX'\-3^ — ah — ac = — -^-2^ 

c? c 
Transposing, etc, ax-^-hx^iz— -\-ac 

Factoring, (o+6)a: = ^° + ^)°^ 



h 
b 



Dividing by a-}- ^> a: = 

22. Given -r = »i — c 

h c 

Multiplying by 5c, 3 ex — bx = b.c {m — c) 
Dividing by 3 c — by ac = } ~~j, 

oQ n- 4x + S . 7a; — 29 8a;+19 

23. Given _!:_+__ =_^ 

Multiplying by 18, 8ar+ 6 + ^|^=^ = 8a:+ 19 

rn«. • J •*: 126x — 622 ^^ 
Transposing and unitmg, —= — — = 13 

Qearing of fractions, 126 a: — 522 = 65 x — 156 

Transposing and uniting, 61 a; = 366 

Dividing by 61, a: = 6 

. ^. 7a:+9 / 2a:— 1\ _ 

24. Given —f- Ix 9~) = ^ 

Mult, by 36, 63x4-81— 36ar+8a;— 4 = 252 
Transposing and uniting, 35 x = 175 

Dividing a: = 5 

^. fa — b)x . X ah . 

25. Given — r^+8=T + « 

4* 
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Mult, by 12, 6(a — 6)x4-4ar = 8aJ+12a 
Dividing by 6 (a-5) +4, x=.^^^±^^ 

26. Given 4.8 a! — •^^''~'°'^ = 1.6x+8.9 

.5 * 

Multiplying by 50, 240a: — 72a: + 5 = 80a:+445 
Transposing and uniting, 88 a; = 440 

Dividing by 88, x = b 

o7 ^. a—a; Aa—x , 

27. Given — r = a — o 

b e 

Multiplying by h c, 

ac — ex — 4a6-J-6a5 = a5c — l^c 

Transposing, hx — ca;=4a6 — ac-^-ahc — ¥c 

^. .,. , , 4a6 — ac-X-ahc — ft'c 
Dividing by — c, a; = ^-^- 

28. Given £_?.+ ?. = -?- 

Multiplying by a 5 c, hex — aex'\-ahx=:2h 

2b 
Dividing by 6c — ac-|-a6, x 

1 1 

29. Given 



be — ac-\-ab 
1 



ab — ax^^ be — bx ae — ax 
1.1 1 



Factoring, ^^—^^ + ^—^ = ^^^-^ 

Multiplying hj ab(b — x) (c — x), 

h(e—x)'\-a(b—x) = b(b—x) 
Or, he — hx-^ah — ax = i^ — hx 

Transposing, etc, ax = ah — i^-^he 



Whence, 



_b(a-b+c) 



a 



30. Given (a:_f) (ar+|) — (ar — 5) (x + S)— ^ = 

Expanding, a:a_a; — J^—a:2^2a;+ 15 — ^ = 
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Whence, 

Transposing and uniting. 



.a;-|-2ar4-15 — 27=0 
a:=12 



PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING ONE 
UNKNOWN QUANTITY. 

(Art. 160, pp. 93-101.) 



9. 



10. 



Let 


X = value of chaise, 


and 


2x = value of horse. 


Their sum, 


ar + 2ar = 336 


Or, 


3a: = 336 


Whence, 


X — 112, value of chaise. 


Then, 


2 a: = 224, value of horse. 


Let 


X = no. oxen. 


and 


2 a: = no. cows. 


Then 


55 a: == value of oxen. 


and 


64 a: = value of cows. 


Their sum. 


119 a: =1428 


Whence, 


a: = 12, no. oxen. 


Then, 


2 a; = 24, no. cows. 


Let 


X = first number. 


and 


a:-|-3 = second number. 


By the conditions, (x+S)^ — ar* = 51 


Or, 


aJ»+6a: + 9 — a:2=51 


Transposing and uniting, 6 a: — 42 


Whence, 


x = 7, first number. 


Then, 


a: -}- 3 = 10, second number. 


Let 


X — each son's share. 




2 a: = each daughter's share. 
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and 6 a; = the wife's share. 
Then, 4 a: = two daughters' share, 

and 3 X = three sons' share. 

By the conditions, 6a:-f-4aT4-8ar = 1872 

Or, 13 a: =1872 

Whence, x = 144, each son's share. 

Then, 2 a; = 288, each daughter's share. 

Also, 6 a: = 864, wife's share. 

11. Let X = no. days he labored, 

and 36 — x = no. days he was absent 

5x 
Then -— :^ sum reC'd for labor, 

4 

and — - — = sum forfeited by absence. 



By the conditions, — = 17 

Clearing of fract, 5a: — 72+2ar = 68 
Or, 7 a: =140 

Whence, x = 20, days labored. 

Then, 86 — a: = 16, days absent 

12. Let a: = the value of the saddle, 
and a: -|- 114 = the value of the horse. 

By the conditions, f(a:-|-114) = 7a: 

Clearing of fractions, 20: + 228 = 21 a: 

Or, 19 a: = 228 

Whence, a: = 12, value of saddle. 

Then, a: + 1 14 = 126, value of horse. 

13. • Let X = the number. 
Then, ^^ = 5 . 
Clearing of fractions, x — 7 = 30 

Whence, x = 37, the number. 
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14 



15. 



4. Let 


z = no. artillery soldiers. 




2 a: = no. cavaby soldiers. 


and 


25 a: = no. infantry soldiers. 


Their snin, 


28 a: =2744 


Whence, 


X = 98, no. artillery. 


Then, 


2 ar ^ 196, no. cavalry. 


Also, 


25 a; = 2450, no. infantry. 


K Let 


X = side of the square. 


and 


a^ :^ area of the square. 


B7 the conditions, (a: -f- 6) (x — 4) = ar* 


Or, 


ar3-f 2a: — 24 = ar» 


Transposing, etc. 


2a: = 24 


Whence, 


a:=12 


Then, 


a? = 144, the area. 



16. 



Let 



and 



X = no. miles by water, 

— = no. miles on foot, 

2x 

-— = no. miles on horseback. 
5 



By the conditions. 

Clear, of fract, 35 

Or, 

Whence, 

Then, 
Also, 



^+^ + ¥ = 3^36 



7 » 5 
a: + 20a: + 14a:= 106260 
69 a: =106260 

X = 1540, no. m. by water. 

— = 880, no. m. on foot. 



2x 



= 616, no.m. on horseback 



17. 



Let 

Then 



^_760 
4 



X = value of estate at first, 
value after first change. 



bx 



By the conditions, 760 + 600 = 



2000 
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Or, 

Dividing by |, 

18. Let 

Then 

and 



Then, 
Also, 



19. 



Let 

Then 



and 



x—l 



4 
a: = 

a? = 



3x 

"g" X ToZF • 

5x 

"g" X tSv '• 



2160 

1728, orig. value of est 

whole sum. 

income at 5 per cent, 

income at 6 per cent 



The whole income, ieo "^ 80 

Clearing of fractions, 3x-\-6x 
Or, 9 a; 

Whence, x 

Bx 
8 

5x 
8 



x: 
x—l 

2 ' 
X— 3 



4 
x— 8 



4 
x—7 



S ft — 



= 180 

= 28800 
= 28800 
= 3200 

= 1200, sum at 5 per cent. 

= 2000, sum at 6 per cent. 

: no. eggs at first. 
: no. after first sale, 

: no. after second sale, 

no. after third sale. 



20, 



By the conditions 


>, 


X 


8 


= 


Or, 




X 


— 7 


= 


Whence 






X 


= 7, original no. of eggs. 


1. Let 






X 


= no. bushels at 9 s., 


and 




40 


X 


= no. bushels at 13 s. 


By the conditions, 


9x+ 


13(40- 


-X) 


= 40 X 10 


Expanding, 


9x+ 


520 — 


IZx 


= 400 


Or, 






Ax 


= 120 


Whence, 






X 


= 30, no. bushels at 9 s. 


Then, 




40 


— X 


= 10, no. bushels at 13 s. 
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21. Let 
Then, 

Or, 
Whence, 

22. Let 
Then, 



X = the number. 
3a:4-12 — 54=144— 3a? 
6x=186 
a: = 31, the number. 



X : 
.6a:— 60 



: the sum 6 had. 

X 

' 2 



Clearing of fractions, 10a: — 120 = 5a: 
Or, 5 a: =120 

Whence, a: = 24, B's sum. 

3. Let X = no. dollars in the purse. 

Then - — 15 = A's share, 

2 



and 
By the conditions, 
Or, 

Clearing of fractions, 
Transposing and uniting, 

24. Let 
and 

Then, 

Or, 

Whence, 

Then, 

Also, 

25. Let 
and 
Then 

By the conditions, 



^ + 13 = B's share. 



a: = ^-15 + j + 13 + 27 

a: = f+| + 25 

4a:=2a:+a:+100 
X = 100, whole amount 

3 a: = A's distance, 
5 a: = B's distance. 



3a:+5a:=120 
8a: = 120 

a:=15 
3 a: = 45, A's distance. 
5 a: = 75, B's distance. 

X = the first digit, 
X — 4 = the second digit. 
'10a:-|-a^ — 4 = the number. 



llg- 
2a;- 



= 7 
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Clearing of fractions^ 

Transposing, uniting, etc., 

Whence, 

Then, 

Also, 



26. 



Let 
Then 

and 



11a: — 4 = 14a? — 28 
3a: = 24 

a; = 8, first digit 
X — 4 = 4, second digit. 
11a: — 4 = 84, the number. 

X = no. acres bought. 

180 

— = cost per acre, 



X 

180 



= am't rec'd per acre. 



180 



-D *!, J-*- — I 18<> vx 240 180 

By the conditions, X T^:7r- = 

^ ' X ^ X ^ 100 a: x — 



Or, 



X ' 5a:* X 



X — 2 
1 



Clearing of fract, 5ar*— 10a:+12a: — 24 = Sa:^ 
Transposing and uniting, 2 a; = 24 

Whence, a: = 12, no. acres. 



27 



28. 



Let 
and 

Then, 

Whence, 

Then, 

Also, 

Let 
Then 



and 
By the conditions. 



7 a: = A's share, 

8 a: = B's share. 
15 a: =1000 

a:=66f 

7 X = 46 6f, A's share, 

8 a: = 533 J, B's share. 



a; = the sum let. 

21a 

20 

441a; 

400 

9261 X 



= 1st amount, 
= 2d amount. 



8000 



= 3d amount 



9261a ? 
^8000 



= 2315.25 



SIMPLE EQUATIONS. 



49 



Clearing of fractions, 
Whence, 


9261 ar= 18522000 
X = 2000, sum let 


29. Let 
Then 

Multiplying by 8, 
Transposing and uniting, 
Whence, 


X = the cost of each. 

8x — 8 = 4x+3 
4a:=ll 
X = 2 J, cost of picture. 


30. Let 
Then 


X = no. days req. by B alone 
- == part B does in a day. 


By the conditions, 

Clearing of fractions, 

Or, 

Whence, 


x~ 10 7 
70 + 7x=10x 
3x = 70 
X = 23^, no. days req. by B. 


31. Let 

and 8 


X = amount given each man, 
— ar == amount given each woman. 



Then, 5x + 7(8 — a:) = 46 

Or, 5ar4-56 — 7x = 46 

Transposing, uniting, etc., 2 ar = 10 



Whence, 

Then, 

Also, 



32. 



Let 
Then 



a: = 5 
5 ar = 25, am't rec'd by the men. 
7 (8 — a:) = 21, am't rec'd by the women. 

X = value of 1st farm. 
|(a?-f-183) = value of 2d fai-m. 



r> *!, j-^- 7 a; -4- 1281 , ,__ 13a; 
By the conditions, ^— [- 183 = -^- 

9 8 

Clear, of fract., o6a:+ 10248+ 13176 = 117 a: 
Transposing, uniting, etc., 61 a: = 23424 

Whence, x = 384, value of 1 st farm. 

Then, J (ar-f 183) = 441, value of 2d farm. 

5 
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83. Let X = no. hours after 6. 

Then x = no. hour spaces passed over by hour hand, 

and 12 a; = no. hour spaces passed over by min. hand. 

Therefore, 12 a:— a: = 12* 

Or, llx==12 

Whence, a: = 1^, na hours after 6. 

1^ hours = 1 h. 5^ m. ; 6 h. -}- 1 h- ^ A ni. = 7 h. 5^ m. 

34. Let X = the time, when all are opened. 

Then - = part emptied by aU in 1 m. 



Tlierefore, i + i^ + J-^ = i 

Mult by 1200, 15a;+6x+4a;= 1200 
Or, 25 a; =1200 

Whence, a: = 48, na minutes required. 

35. Let 9 a: = no. leaps by the fox, 

and 6 a: = no. leaps by the greyhound. 

Then JX6a;=14a: = no. fox's leaps in the whole distance 

passed over by the greyhound. 
Therefore, 14 a: = 9 a: 4- 60 

Or, 5a:=60 

Whence, a: =12 

Then, 9 a: = 108, no. leaps by fox. 

Also, 6 a: = 72, no. leaps by greyhound. 

36. Let one man be x times as strong as one boy. 
Then, 7a: + 3 = 9a; — 9 

Or, 2a; = 12 

Whence, ar = 6 

* It is evident that the minute-hand must move once round the dial, or 12 hour 
spaces, more than the hour-hand, before they can again be opposite to each other. 
(See Key to Elementary Algebra, pp. 76, 77.) 



SIMPLE EQUATIONS. 51 

37. Let a: = the first part, 

and 48 — x-=, the second part 

X 20 

By the conditions, — r-^ = 17 — (43 — x) 

o 

Clearing of fractions, etc., x — 20 = 51 — 1294-3a: 
Or, 2x = 58 

Whence, x = 29, first part. 

Then, 43 — a: = 14, second part. 

38 Let X = the no. of yards start. 

1 mile = 1760 yards ; 2m. 54s. = 174s. 
Then ^^f^ = 10 = rate of loser per sec. 

By the conditions, a? + 10 X 174 = 1760 

Or, X = 20, no. yards start 

39. Let X = no. oz. gold, 
and 41 60 — x = no. oz. silver. 

Hence. 1| + !!!±=lf = 250 

' 77 ' 21 

Clear, of fract, 12a:+91520 — 22 ar = 57750 
Or, 10a: = 33770 

Whence, x = 3377, no. oz. gold. 

Then, 41 60 — a; = 783, no. oz. silver. 

40. Let X = no. hours A must work, 

and 7 — a: = no. hours B and C must work. 

Then ^ = part A does in 1 hour, 

J — 3^5=/^ = part C does in 1 hour, 
and I X /if = 1^^ = part B does in 1 hour. 

By the conditions, ^4_ (^ + ^^) (7_a:) = 1 
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Or, 


X . 49 — 7x 
12'" 24 


= 1 


Clearing of fractions, 


2ar+49 — 7a: 


= 24 


Or, 


5x 


= 25 


Whence, 


X 


= 5, A*s time. 




5o'clock + 5h. 


= 10 o'clock. 



41. Let X = his annual expenses. 

Then J (5120 — x) = capital at end of 1st year, 

6 /25600 — 9x\ . , ^ J ro^ 

J I I = capital at end of 2d year, 

J ( j^^ j = capital at end of 3d year, 

, 6 /640000 — 869x\ . . ^ a c a.a 

and - 1 gj 1 = capital at end of 4th year. 

Hence, |(5^2^»«£5)3^5 

^ 640000 — 869x ^-- 

^"' 256 = ^^^ 

Clearing of fract, 640000 — 369 a? = 167680 

Or, 369 a: = 472320 

Whence, x = 1280, annual expenses. 

SIMPLE EQUATIONS 

CONTAINING TWO UNKNOWN QUANTITIES. 

(Art. 169, pp. 107-109.) 

3a:+7y = 33 (1) 



'• ^^"^" - 2a:+4y = 20 (2) 

From (1), by transp. and divis., x = — - — - (3) 

From (2), by transp. and divis., x = — - — - (4) 

Combining (3) and (4), by Ax. 7, E^zl^ = £iZLL? (5) 

Clearing of fractions, 60 — 12y=66— 14y 

Or, 2y=6 

Whence y = 3 

Substituting value of y in (4), x = ^^^^ = 4 



SIMPLE 


EQUATIONS. 




5S 


7. Given 




7a;+2y = 39 
3a;— 4y= 7 




(1) 
(2) 


Multiplying (1) by 2, 




14a: + 4y = 78 




(3) 


Adding (2) and (3), 


17x = 85 




Whence, 




x = 5 






Substituting value of a; in 


(1), 


35 + 2y=39 






Or, 




2y = 4 






Whence, 




y = 2 






8. Given 




6x— 3y=27 
4a;— 6y=: — 2 




(1) 
(2) 


From (1), 




y=2a;- 


-9 


(3) 


Substituting value of ^ in 


(2), 


4a;— 12a; + 54 = — 2 




(4) 


Or, 




8a: = 56 






Whence, 




a;=7 






Substituting value of a; in 


(3), 


y = 14 — 9 = 5 






9. Given 




7x + 3y= 62 
5x— 2y= 36 


0) 
(2) 




Multiplying (1) by 2, 




14a:+6y=124 


(3) 




Multiplying (2) by 3, 




15a: — 6y = 108 


(4) 




Adding (3) and (4), 




29ar = 232 






Whence 




x= 8 






Substituting in (1), 




56+3y= 62 






Or, 




3y= 6 






Whence, • 




y= 2 






10. Given 




{ 12a;4-8y = 116 
1 2a:— y= 3 




(1) 
(2) 


From (2), 




y = 2x- 


^ 


(a) 


Substituting in (1), 


12a:+16a:— 24=116 




(4) 


Or, 




28x=140 






Whence, 




x= 5 






Substituting in (3), 




y=10 — 3 = 7 
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11. Given 


llx+3y=124 
2*— 6y = — 56 


0) 
(2) 


Equation (1), 


llaT+3y = 124 




Dividing (2) by 2, 


x — 3y = — 28 


(3) 


Adding (1) and (3), 


12a: = 96 




Whence, 


a: = 8 




Substituting in (1), 


88 + 8y=124 




Or, 


8y = 36 




Whence, 


y=12 




12. Given 


9as+4y=58 
3a;-|-'2y = 26 


(1) 
(2) 


Multiplying (2) by 3 


9a;+6y = 78 


(8) 


Equation (1), 


9x + 4y = 58 




Subtracting (1) from 


(3), 2y = 20 




Whence, 


y=io 




Substituting m (2), 


3a; + 20 = 26 




Or, 


Sx= 6 




Whence, 


x= 2 




13. Given 


6a; + 5y=112 
8x— 2y= 80 


(1) 
(2) 


From (2), 


y = 4x— 40 


(3) 


Substituting in (1), 


6a;+20x— 200 = 112 


(4) 


Or, 


26x = 312 


"* 


Whence, 


x= 12 




Substituting in (3), 


y=48 — 40= 8 




14. Given 


7x— 2y = — 6 
2x+2y=24 


(1) 
(2) 


Adding (1) and (2), 


9x=18 


(3) 


Whence, 


x= 2 




Substituting in (2), 


4+2y=s24 
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Or, 

Whence, 

15. Given 

Dividing (2) hj 2, 

Equation (1), 

Adding (1) and (3), 

Whence, 

Substituting in (1), 

Or, 

Whence, 

16. Given 
From (1), 
From (2), 

By Ax. 7, 

Clearing of fractions, 

Or, 

"Whence, 



2y = 20 
y=10 

6x+lly=115 

8a;— 22y = — 80 

4x— lly = — 15 

6a;+lly = 115 

10x = 100 

x= 10 

604-lly=115 

lly= 55 

y= 5 

2z+ 8y=47 
lOa — 12y = — 62 



y= 



47 — 2a; 



6x + Zl 47 — 2z 

6 8 

5x4-81 = 94— 4a; 
9a; = 63 
x= 7 



(1) 
(2) 
(3) 



(1) 
(2) 

(3) 
(4) 
(5) 



47 14 

Substituting in (3), y = — - — = 11 



17. Given 

Clearing (1) of fractions, 
Clearing (2) of fractions. 
Adding (3) and (4), 
Whence, 



■1=0 



■ 4 + 6— ^ 

3a; — 2y= 

8 a; + 2y = 72 

6a; = 72 

a;=l? 



(1) 

(2) 

(3) 
(4) 
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Subtracting (3) from (4), 
Whence, 

18. Given 

Clearing (1) of fractions, 

Clearing (2) of fractions. 

From (4), 

Substituting in (3), 3 a;- 

Or, 

Whence, 

Substituting in (5), y = 

19. Given 

Clearing (1) of fractions. 

From (2), 

Substituting in (3), 2100- 

Or, 

Whence, 

Substituting in (4), x = 

20. Given 

Clearing (1) of fractions, . 

Dividing (2) by 3, 

From (4), 

Substituting in (3), 63 a:- 

Or, 

Whence, 

Substituting in (5), ^ 



4y = 



72 
18 






= 11 



= 37 



3x — 5yz 
5x-\-yz 

y-- 

-925 + 25 a:: 

28x1 

aj = 

= 185 — 175 = 



: 55 

:185 



(1) 

(2) 

(3) 
(4) 

: 185— 5a: (5) 
: 55 (6) 

:980 

: 85 

: 10 



!4z_2y 
7 8 ■ 

12a:— 14y: 

a:: 

-84y— 14y = 

98y = 

y- 

= 175 — 147 z 



2 (1) 

175 (2) 

42 (3) 

175 -7y (4) 

42 (5) 

2058 

21 

28 



If 
8 



~^ — 4= 19 



3a:+3y= 126 



63 a:— 8y = 

x-\-y=z 

y= 

-336 + 8a: = 
71a: = 

X=z 

= 42 — 24 = 



1368 

42 
42 — a: 
1368 
1704 

24 

13 



(1) 

(2) 
(3) 
(4) 
(5) 
(6) 
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21. Given 

Clearing (1) of fractions, 
Multiplying (2) by 84, 
Subtracting (3) from (4), 
Whence, 

Substituting in (2), 
Whence, 

22. Given 

Clearing (1) of fractions, 

Clearing (2) of fractions, 

From (4), 

Substitutmg in (3), 5360 

Or, 

Whence, 

Substituting in (5), 

23. Given 

Multiplying (1) by a'. 
Multiplying (2) by a, 
Subtracting (3) from (4), 

Whence, 

Multiplying (1) by V, 
Multiplying (2) by b, 
Subtracting (8) from (7), 

Whence, 



14a:+ '-1= 38 
g + 12y= 146 



84a: + 5y: 
84a:-f 1008y: 



228 
12264 



1003y= 12036 
.V= 12 
146 
2 



a:+144 

X 



10 



T# = -20 



^f + 3y = 



134 



= — 1400 



lOx— 49y 

a;4-12y = 536 



-120y— 49y: 
169y: 



a x-^b yz=c. 

(/x-\-Vy = </ 
</ ax-\-(/ by = </ c 
(/ ax-\-ab'y =z ac' 



a! c 



(ab' — (/b)y = a(/ 

ac' — a'c 

^ ab' — a'6 

ab'x'i-b^bf/ = b'c 

(/bx + bfby = bc' 

(aV—a'b)x = Vc — biI 

b' c — be' 

ab — a b 



(1) 

(2) 
(8) 
(4) 



(1) 

(2) 

(3) 

(4) 

536— 12y (6) 
— 1400 (6) 

6760 

y = 40 
x=536 — 480 = 56 



0) 
(2) 
(3) 
(4) 
(5) 

(6) 
(7) 
(8) 
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24. Given 

Clearing (1) of fractions, 
Clearing (2) effractions, 
Multiplying (3) by c, 
Multiplying (4) by a, 
Adding (5) and (6), 

Whence, 

Multiplying (3) by d. 
Multiplying (4) by h, 
Subtracting (9) from (10), 

Whence, 



y — . 



T = m 



c ' d 



hx — ay = ahm 
rfa:-|-cy= edn 
hex — acy'=zahcm 
adx-\-acy :=. acdn 



(1) 

(2) 

(3) 
(4) 
(5) 
(6) 



(8) 



(ad'^bc)x = abcm'^acdn (7) 

abcm-\-acdn 

ad-^bc 
bdx — ady =zabdm (9) 

bdx-^bcy^zbcdn (10) 

(ad-\'bc)y = bcdn — abdm 

bcdn — abdm 

^~ ad-^bc 



25. Given 



1-12=1 + 8 
x-\-y I X Q_ 2y — a : 



■1-8: 



Transposing and uniting in (I), — — ~ =: 20 
Clearing (3) of fractions, 2x — y = 80 

From (2), £±lf +?_?yz:? = 85 

Clearing (5) effractions, 

12a:+12y+20a:— 80y+15a: = 2100 
Uniting terms, 47 x — 18 y = 2100 

From (4), y = 2x — 80 

Substituting in (7), 47 x— 36 x + 1440 = 2100 
Or, llx=660 

Whence, «=60 

Substituting in (8), y = 1 20 — 80 = 40 



(1) 
+ 27 (2) 

(3) 



(4) 
(5) 

(6) 
(7) 
(8) 
(9) 
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SIMPLE EQUATIONS 

CONTAINING THREE OR MORE UNKNOWN QUANTITIES. 

(Art. 170, pp. 109-112.) 

/3a:— y—2z= (1) 

3. Given \^x-^2y + ^z= 45 (2) 

(4a: + 3y— 2= 31 (3) 
Multiplying (1) by (3), 9a; — 3y— 6g= (4) 

Adding (3) and (4), 13 a: — 7 « = 31 (5) 

Multiplying (1) by 2, 6 a: — 2 y — 4 « = (6) 

Equation (2), 6a?+2y4-3g= 45 

Adding (2) and (6), 12 ar— z= 45 (7) 

Multiplying (7) by 7, 84 a; — 7 « = 3 15 (8) 

Equation (5), 13x — 7z= 31 

Subtracting (5) from (8), 71 a; = 284 

Whence 

Substituting in (7), 
Whence, 

Substituting in (1), 
Whence, 

(1) 

4. Given ^I2x— y — Sz= 36 (2) 

(3) 

From (3), z = Qx — 2y—10 (4) 

Substituting in (1), 

8a: — 9y — 42a:+14y+70 = — 36 (5) 
Substituting in (2), 

12a: — y— 18a:+6y + 30= 36 (6) 

Reducing (5), 34 a: — 5 y = 106 (7) 

Reducing (6), — 6a: + 5y= 6 (8) 

Adding (7) and (8), 28 a; = 1 12 
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Whence, 




x= 4 






Substituting in (8), 




6y — 24= 6 






Or, 




6y = 30 






Whence, 




y= 6 






Substituting in (4), 


z = 


= 24—12 — 10= 2 










|7x+ 4y- z = 


78 


(1) ' 


5. Given 




J ix— by — 3« = 


— 21 


(2) 






( X— 8y — 4« = 


— 87 


(3) 


Multipljing (1) hj 4, 




28a;+16y — 4« = 


312 


(4) 


Subtracting (3) from 


(4). 


27a!+19y = 


349 


(5) 


Multiplying (1) by 3, 




21a;+12y — 3« = 


234 


(6) 


Equation (2), 




4a: — 5y — 3« = 


— 21 




Subtracting (2) from 


16), 


]7x+17y = 


255 


(7) 


Dividing (7) by 17, 




x-\-y = 


15 


(8) 


Multiplying (8) by 19, 


19x+19y = 


285 


(9) 


Equation (5), 




27a:+19y = 


849 




Subtracting (9) from 
Whence, 


(5), 


8x = 
x^ 


64 
8 


(10) 


Substituting in (8), 




8+y = 


15 




Whence, 




y = 


7 




Substituting in (1), 




66-1-28 — « = 


78 




Whence, 




|'x+y = 30 


6 


0) 


7. Given 




}x-\-2 = 2b 
iy+^=l5 




(2) 
(3) 


Subtracting (3) from 


(2), 


X— y = 10 




(4) 


Equation (1), 




x4-y = 30 






Adding (1) and (4), 




2a: =40 






Whence, 




x=20 






►Subtracting (4) from 


(1). 


2y = 20 
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Whence, 


y = 10 


Substituting in (3), 


10 + ^ = 15 


Whence, 


z= 5 



Note. The above equations may also be solved by the use of t, as in the 
sixth example. 

/-Sac — 4y = 24— z (1) 

8. Given ^ 6a:+ y— «+84 (2) 

( a:+80=3y+4g (8) 

Adding (1) and (2), 14aj — 3y = 108 (4) 

Multiplying (1) by 4, 82aj— 16y = 96 — 4« (5) 
Equation (3), x— 3y = — 80 + 4g 

Adding (5) and (3), 33 a: — 19 y = 1 6 (6) 

From (6), y= ^g (7) 

17 tA\ 14 ar— 108 , 

From (4), y = (8) 

_. . _ 83ar— 16 14 a; — 108 ,^. 

By Ax. 7, — 19— = 8 (^) 

Clearing of fractions, 99 a: — 48 = 266 a: — 2052 (10) 

Or, 167 a: = 2004 

Whence, a? = 12 

168 — 108 

Substituting in (8), y = = 20 

Substituting in (1), 96 — 80 = 24 — « 

Whence, z = S 

(1) 

9. Given ^t_J+l=12 (2) 

(3) 




Multiplying (1) by 48, 24 a; + 1 6 y — 1 2 « =i: 1104 (4) 
6 
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Multiplying (2) by 24, Sx— 6 y + 12 z = 288 (5) 

MultiiiJying (3) by 36, 9a; + 18y— 12g= 612 (6) 

Adding (5) and (6), 17 a: + 12y = 900 (7) 

Adding (4) and (5), 32 a: -f lOy =1392 (8) 

Multiplying (7) by 5, 85 a; + 60 y = 4500 (9) 

Multiplying (8) by 6, 192 a? -f 60 y = 8352 (10) 

Subtracting (9) from (10), 107 x = 3852 

Whence, a: = 36 

Substituting in (7), 61 2 + 1 2 y = 900 

Or, 12y= 288 

Whence, y = 24 

Substituting in (5), 288 — 144 + 12 « = 288 

Or, 12 z= 144 

Whence, z= 12 



10. Given 

Multiplying (1) by 3, 
Equation (2), 
Adding (5) and (2), 
Equation (1), 
Dividing (4) by 2, 
Adding (1) and (7), 
Multiplying (3) by 2, 
Adding (8) and (9), 
Multiplymg (3) by 5, 
Multiplying (6) by 2, 
Adding (11) and (12), 
Multiplying (13) by 6, 
Multiplying (10) by 19, 
Subtracting (15) from (14), 



3tt+ x-\-2y— z=. 22 

4a?— y + 32f= 35 

4tt + 3a: — 2y = 19 

2t/ ■^4y-|-22:= 46 



9tt + 3a:+6y — 3«= 66 

4a:— y + 3g= 35 

9u+7a:+5y . = 101 

3u-|- a: + 2y— «= 22 

u +2y+ g= 23 

= 45 

= 38 



4m-|- a:-|-4y 
8«4-6a:— 4y 



12tt + 7a: = 83 

20M+I5a: — 10y= 95 

18« + 14a:+10y= 20 2 

38t«-f 29a: = 297 

228 u + 174 a; =1782 

228 ^4- 133 a; = 1577 



(1) 
(2) 
(3) 
(4) 
(5) 

(6) 

(7) 

(8) 

(9) 
(10) 

(H) 
(12) 

(13) 

(14) 

(15) 



41 a: = 205 
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Whence, a? = 5 

Substituting in (10), 12 « -f- 35 = 88 

Or, 12tt = 48 

Whence, «= 4 

Substituting in (8), 16 + 15 — 2y = 19 

Or, 2y=12 

Whence, y = 6 

Substituting in (7), 4 + 12+2; = 23 

Whence, 2=7 

(a = y + z (1) 

11. Given H=a: + 2; (2) 

( c=x + ff (3) 

Subtracting (1) from (2),x — y = b — a (4) 

Equation (3), a? + y = c 

Adding (3) and (4), 2ar = ^ + c — a 

Whence, x = ^ (^+ c — a) 

Subtracting (4) from (3), 2y = c — i+a 
Whence, y = i (^"{"^ — ^) 

Substituting in (1), a z=:z ^ (a-^ c — ft) + a? 

Whence, 2 = ^ (a + ft — c) 

Note. The above equations may also be solved hy subtracting each equation 
Arom half the sum of the three. 

/'4a:_4y = a + 4« (1) 

12. Given Joy — 2a: = a + 2« (2) 

[7z— y = g + a ? (3) 

Dividing (2) by 2, —x-\-3y—z = j^a (4) 

Dividing (1) by 4, x — y — z = ^a (5) 

Equation (3), — x — y+72f = a 

Adding (4) and (5), 2y — 2j? = |a (6) 

Adding (3) and (5) —2y + 6z = | a (7) 
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Adding (6) aad (7 


), iz = 2a 




Whence, 


^ = ia 




Substituting in (6) 


2y— a = |a 




Or, 


2i, = ia 




Whence, 


y = i« 




Substituting in (5) 


, x—ia — jia = ^a 




Whence, 


x = -'^o 






'2a:+2y+ «= 35 — 2tt 


0) 


13. Given 


y+3«r= 81 


(2) 




ix-\- «= 32 


(3) 




ix+3y = '23 


(4) 


Multiplying (3) by 3, 


12a;+3«= 96 


(5) 


Equation (2), 


y + 3z= 31 


(6) 


Subtracting (2) from (5), 12 a:— y= 65 


Multiplying (6) by 9, 


108 a;— 9y = 585 


(7) 


Multiplying (4) by 3, 


a:4-.9y= 69 


(8) 


Adding (7) and (8), 


109 a: = 654 




Whence, 


x= 6 




Substituting in (6), 


72— y= 65 




Whence, 


y.= 7 




Substituting in (3), 


- 24+2= 82 




Whence, 


2= 8 




Substituting in (1), 


12 + 14 + 8= 35 — 2t 


( 


Or, 


2m= 1 




Whence, 


«= i 




PROBLEMS 




LEADING TO SIMPLE 


EQUATIONS CONTAmiNG 


TWO 


OR MORE UNKNOWN QUANTITIES. 




(Pi 


). 112-119.) 




4. Let 


X := A's age, 




and 


y = B's age. 







SIMPLE EQUATIONa. 


( 


Bj the conditions, 


?+¥='»* 


(1) 


and 




¥-¥='«* 


(2) 


Clearing (1) 


of fractions, 


3a; + 10y=290 


(3) 


Clearing (2) 


of fractions, 


35 a: — 16y = 730 


(4) 


Multiplying (3) by 8, 


24a:-f 80y = 2320 


(5) 


Multiplying (4) by 5, 


175 a: — 80 y = 3650 


(6) 


Adding (5) and (6), 


199 a: = 5970 




Whence, 




X = 30, A's age. 




Substituting 


in (3), 


90 + 10y = 290 




Or, 




10y = 200 




Whence, 




y = 20, B's age. 




5. 


Let 


a: = the numerator, 






and 


y =z the denominator. 






Therefore, 


- = the fraction. 

y 




Then, 


y 3 ^ '' 




and 




* =^ (2) 
y+1 -4 ^^^ 




From (1), 




8x— y = — 3 (3) 




From (2), 




Ax—y=l (4) 
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Subtracting (3) from (4), a: = 4 

Substituting in (3), l2 — y = —3 

Whence, y = 15 



Therefore 


'> 






- = — , the fraction. 
y 16 




6. 


Let 
and 






X = no. oxen, 
y = no. cows. 




Then, 


a:+y = 89 


0) 


and 


X — 


-4- 


-(y- 


— 20) =7 


(2) 



6* 



66 



KEY TO HIGHER ALGEBRA. 



From (2), 


a;— y = — 9 


(3) 


Equation (1), 


x^y=:89 




Adding (3) and (1), 


2a: = 80 




Whence, 


X = 40, no. oxen. 




Subtracting (3) from (1), 


2y = 98 




Whence, 


y = 49, no. cows. 




7. Let 


X = A's property, 




and 


y = B's property. 




Then, 


7a: + |=990 


(1) 


and 


i + 7y = 510 


(2) 


Multiplying (1) by 7, 


49a:+y=6930 


(3) 


Multiplying (2) by 343, 


49 a: + 2401 y= 174930 


(4) 


Subtractmg (8) from (4), 


2400y= 168000 


(5) 


Whence, 


y = 70, B's property. 


Substitutmg in (3), 


49a:-f70 = 6930 




Or, 


49 a: =6860 




Whence, 


a: = 140, A's property. 


8. Let 


X = A's age. 




and 


y = B's age. 




Then, 


y_f+5=6 


(1) 


and 


6 ' 14 


(2) 


From (1), 


-«+7y = 7 


(3) 


From (2), 


5a:— 14y = 280 


(4) 


Multiplying (3) by 2, 


— 2a;+14y=14 


(5) 


Adding (4) and (5), 


3a: = 294 




Whence, 


X = 98, A's age. 




Substituting in (1), 


y— 14 = 1 




Whence, 


y = 15, B's age. 
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9. Let 


a: = the larger part, 


and 


y = the smaller part 


Then, 


«+, = 50 (1) 


and 


¥=¥ « 


From (2), 


9a;=16y (8) 


Or, 


(^) 


Substituting in (1), 


ii^ + y = 50 (5) 


Clearing of fractions, 


16y + 9y=450 (6) 


Or, 


25y=450 


Whence, 


y = 18, smaller part. 


Substituting in (4), 




10. Let 


X = the man's age, 


and 


y = the wife's age. 


Then 


y : a: :: 3 : 4 (1) 


and 


y + 12:a: + 12 :: 5:6 (2) 


From (1), 


3a: = 4y (3) 


From (2), 


5x+60=6y + 72 (4) 


Or, 


5a: — 6y=12 ' (5) 


From (3), 


y = 'i (6) 


Substituting in (5), 


5.-¥=12 


Clearing of fractions. 


lOar — 9a: = 24 


Whence, 


X — 24, man's age. 


Substituting in (6), 


y — ^ ^ ^* — 18, wife's age. 


11. Let 


X =z no. days he labored. 


and 


y = no. days he was absent. 
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Then, 


a:+y=10 


(1) 




and 


12a: — 8y = 40 


(2) 




Dividing (2) by 4, 


8a: — 2y=10 


(3) 




Multiplying (1) by 2, 


2ar + 2y = 20 


(4) 




Adding (3) and (4), 


5a: = 30 






Whence, 


a: = 6, days labored. 






Substituting in (1), 


6+y = 10 






Whence, 


y = 4, days absent. 






12. Let 


X = price of chaise. 




and 


y=: price of horse 






Then, 


a: + y = 208 


(1) 




and 


4x_2y 
7 ~" 8 


(2) 




Clearing (2) of fractions. 


12a:=14y 


(3) 




Whence, 


-¥ 


(4) 




Substituting in (1), 


^+y=208 


(5) 




Clearing effractions, 


7y+6y = 1248 






Or, 


18y=1248 






Whence, 


y = 96, price of horse. 




Substituting in (4), 


7 X 96 
X — — - — — 112, price of chaise 

D 


. 


13. Let 


a: = A's loss, 






and 


y = B's loss. 






Then, 


a; = 2y 




(1) 


and 


240 — x = 3(96— y) 




(2) 


From (2), 


3y— a;=48 




(3) 


Substituting 2y for a:, 


3y— 2y = 48 




(4) 


Or,' 


y = 48, B's loss. 






Substituting in (1), 


a; = 2 X 48 = 96, A's loss. 
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14. 



Let 
and 



X = time required by A, 
f/ = time required by B. 



Then, 




\+l=ro (^) 


and 




t+H2 = i (2) 

X ^ y ^ ^ 


Dividing (2) by 4, 




1+^ = 1 (3) 


Multiplying (1) by 5, 




« + £ = ! (4) 
a; "^y 2 ^ ^ 


Subtracting (3) from 


(4), 


4_ 1 

x~'i ■ 


Whence, 




a:= 16, A's time. 


15. Let 




X = no. bush, at 60 c, 


and 




y = no. bush, at 90 c 


Then, 


a:+y = 40 (1) 


and 




60a:+90y = 40X80 (2) 


Dividing (2) by 10, 




6a:+9y = 320 (3) 


Multiplying (1) by 6, 




6a:+6y = 240 (4) 


Subtracting (4) from 


(3), 


8y = 80 


Whence, 




y = 26f , bush, at 90 c 


Substituting in (1), 




a:4-26f = 40 


Whence, 




a:= 13^, bush, at 60 c. 


16. Let 




X = no. bushels wheat, 


and 


7 


y = no. bushels rye. 


Then, 


'x-4y=8 (1) 


and 




a;:y :: 3:5 (2) 



From (2), 
Substituting in (1), 



bx 
7x-H^^ = 3 



(8) 
(4) 



Clearing of fractions, 21 a: — 20 a; = 9 
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Or, 


a: = 9, bushels wheat 


Substituting in ^3^. ti — 


5X9 


17. Let 


X = income tax, 


and 


y = assessed tax. 


Then, 


a:+y = 50 (1) 


and 


¥ + ¥ = 52i (2) 


Multiplying (2) by J, 


2a: + y = 70 (3) 


Equation (1), 


a:4-y = 50 


Subtracting (1) from (3), 


X = 20, income tax. 


Substituting in (1), 


20+y = 50 


Whence, 


y = 30, assessed tax. 


18. Let 


X = A's original stock. 


and 


y = B's original stock. 


Then 


5 V 

-^ = A*s accumulated stocK, 



and 



5y A • /. 

-g x=z As profit, 

--^ = B's profit 



5 V 
By the conditions, -/ — a; - 
6 

and 



o 



•a?: 



^a?-f 200 



Clearing (1 ) of fract, 5 y • 

Or, 

Dividing by 5, 

From (2), 

Clearing of fractions. 
From (5), 



.6a:-f a: + 200=1200 
5y — 5 a; =1000 
y-^x = 200 

6 ="6 ^y 



(1) 

(2) 

(3) 
(4) 
(5) 

(6) 



ar» + 200a: = 5y«- 
a;-l-200=y 



•6xy (7) 
(B) 
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Dividing (7) by (8), 
Whence, 

Substituting in (5), 

Clearing of fractions, 

Or, 

Whence, 

Substituting in (10), 



0? = 5y — 6a; 



,-'4 = '. 



y—f = 200 



(9) 
(10) 



7y — 5y=1400 
2y=1400 
y = 700, B's stock. 

5 V 700 

= . = 500, A's stock. 



19. Let 

and 

Then 
By the conditions, 
and 



= no. cents, 
= no. oranges. 

= price per orange. 



y+5 

X 



+i 



Clearing (1) of fractions, 2xy 

Clearing (2) of fractions, 2xy 

From (3), 

From (4), 

Subtracting (6) from (5), 

Whence, 

Substituting in (6), 

Or, 

Dividing by y. 



lOx: 
6a;: 
4a; : 

XI 

y- 

Substituting in (8), a;=2 X 15 : 



: 2a;y-|-10a; — y^ — 5y 
:2a;y — 6a;+y2 — 3y 



20. 



Let 



and 



= 8y 
:2y 

'f-^y 

:15y 

: 15, no. oranges. 

: 30, no. cents. 

X = price of first, 
y = price of second, 
z = price of third. 



(1) 

(2) 

(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
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Then, 


8x + 4y4-- 22=60 (1) 




4x + y+ 5z=z59 (2) 


and 


a: + 10y+ 32^ = 90 (3) 


Multiplying (3) by 8, 


8a: + 30y+ 92 = 270 (4) 


Equation (1), 


8a:+4y+ 2^ = 60 


Subtracting (1) from (4), 


26y+ 7z = 210 (5) 


Multiplying (3) by 4, 


4a: +40^+122 = 360 (6) 


Equation (2), 


*«+y+ 52= 59 


Subtracting (2) from (6), 


39y+ 72 = 301 (7) 


Subtracting (5) from (7), 


13y = 91 


Whence, 


y = 7, price 2d. 


Substituting in (5), 


182 + 72 = 210 


Or, 


72 = 28 


Whence, 


2 = 4, price 3d. 


Substituting in (3), 


a. + 70 + 12 = 90 


Or, 


a; = 8, price 1st 


21. Let 


X =: value of harness. 




y =: value of better horse, 


and 


2 = value of poorer horse. 


Then, a 


+ y + 2=120 (1) 




x + 2 = 2y (2) 


and 


x + y = 32 (3) 


Subtracting (3) from (1), 


2=120 — 32 


Or, 


42=120 


Whence, 


2 = 30, value of poorer horse. 


Subtracting (2) from (1), 


y=120 — 2y 


Or, 


3y=120 


Whence, 


y = 40, value of better horse. 


Substituting in (1), x-\- 


40 + 30 = 120 


Whence, 


X = 50, value of harness. 
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22. Let 

Then, 

and 

Clearing (1) of fractions, 
Clearing (2) effractions. 
Clearing (3) effractions, 
Subtracting (4) from (5), 
Multipljing (5) by 4, 
Equation (6), 
Subtracting (6) from (8), 
Multiplying (7) by 3, 
Adding (9) and (10), 
Whence, 

Substituting in (9), 
Or, 

Whence, 

Substituting in (3), 
Whence, 



X, y, and z 



represent the numbert^. 
= 34 (1) 



x-\-z 



8 



= 34 



= 34 



2x + y-\-z 

a: + y-f-4« 

— x+2y 

4a:+12y + 4« 

a:-|-y + 42 



= 68 
= 102 
= 136 
= 34 
= 408 
= 136 



3a: + lly 
-8a:-f 6y 



17 y 

8a: + 242 
3a; 

X 

z + S 



(2) 

(3) 

(4) 
(5) 
(6) 
(7) 
(8) 

(9) 

(10) 

= 374 

= 22, 2d number. 

= 272 

= 30 

= 10, 1st number. 

= 34 • 

= 26, 3d number. 



= 272 
= 102 



23. Let X — y = digit in hundreds' place, 

X = digit in tens' place, 
and x-^y = digit in units' place. 

Then 100 (a: — y) + 10a:-l-a:+y=llla:—99y= the number, 
and 100 (a:+y)-l-10a:-fa:—y = llla:+99y= the number, 
with digits inverted. 



By the conditions. 



Ilia; — 99y 



= 41 (1) 

Ula:— 99y+396 = lllar + 99y (2) 



9x 
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Transposing and uniting in (2), 198y = 396 

Whence, y = 2 

Clearing (1) of fractions, 74 x — 66y = 41 x 

Or, 83a:=66y 

Whence, a; = 2y = 4 

Therefore, Ilia: — 99 y = 246, the number. 

24. Let X = A's property, 

y = B*8 property, 

z = C's property, 

and w = D's property. 



Then, ar+y-|-« + tr = 14000 (1) 

2a:+3y + | + f = 16000 (2) 

ar4-2y + 2ir+^= 18000 (3) 

and | + | + ? + l = ^QQ^ (^) 

Subtracting (3) from 2 times (1), x-\-^= 10000 (5) 

Clearing (4) of fractions, 30a;+ 20y-f 15 «-f 12 tr = 240000 (6) 
Multiplying (1) by 20, 20a:+20y+20«+20«; = 280000 (7) 
Subtracting (6) from (7), —lOx-^5 z-\-Sw= 40000 (8) 
Clearing (2) of fractions, 20x-f-30y+5« + 2«;=l 60000 (9) 
Multiplying (1) by 30, 30 a: + 30 y + 30 « + 30 «? = 420000 (10) 
Subtracting (9) from (10), lOx^- 252; + 28 «; = 260000 (11) 
Multiplying (8) by 5, _ 50 a; + 25 « + 40 m7 = 200000 (1 2) 

Subtracting (12) from (11), 60a:— 12 1(7 = 60000 (13) 

Dividing (13) by 1 2, 5x—w = 5000 (14) 

Clearing (5) of fractions, 5 a: + 8 «; = 50000 (15) 

Subtracting (14) from (15), 9w = 45000 
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Whence, w = 5000, I^s prop. 

Substituting in (5), a;-}- 8000 = 10000 

Whence, x = 2000, A's prop. 

Substituting in (8), — 20000 + 5 a + 40000 = 40000 

Or, 5^ = 20000 

Whence, z = 4000, C's prop. 

Substituting in (1), 2000 +y + 4000 + 5000 = 14000 

Whence, * y = 3000, B's prop. 



25. Let X = no. A's turkeys, 

and y = no. B's turkeys. 

Then, x-{-5 = tf — 5 

and f (y+15)=a; — 15 

Clearing (2) of fractions, 3 y -f 45 = 7 a; — 105 
7a:— 3y=150 
3a:— 3y = — 30 
4a; =180 
a: = '45, A's number, 
y— 5 = 45 + 5 

y = 55, B's number. 



Or, 

Multiplying (1) by 3, 

Subtracting (5) from (4), 

Whence, 

Substituting in (1), 

Whence, 



0) 

(2) 
(3) 

(4) 
(5) 



26. 



Then, 
and 



Let 



and 



100 
35000 y 



100 



From (1), 
From (2), 

Multiplying (3) by 8, 
Adding (4) and (5), 



„= 1st rate, 
jf^ = 2drate. 



SOOOQa: 20000 y ^^^ 



100 
24000 a: 



100 



= 310 



3a:— 2y = 8 
— 24a;4-35y = 31 
24 a:— 16y=64 
19y = 95 



(1) 

(2) 

(3) 
(4) 
(5) 
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Whence, 


y = 5 




Substituting in (3), 


8a: — 10 = 8 




Or, 


• 3a:=18 




Whence, 


x = e 




Hence the first rate is 


Y^, or 6 per cent, and the second rate 


is tJ^, or 6 per cent 






27. Let 


X = A's money, 
y = B'b money. 




and 


« = Cs money. 




liien, 


x+^+'-55 


(1) 




„ 1 *+*_50 


(2) 




y 1 J "" 


and 


,+i±-^ = 50 


(3) 


Clearing (1) effractions, 


2a:+y + 2 = llO 


(4) 


Clearing (2) of fractions, 


a;_|-3y-f «=150 


(5) 


Clearing (3) of fractions. 


a;4.y + 5« = 250 


(6) 


Subtracting (5) from (6), 


— 2y+4«=100 


(7) 


Multiplying (6) by 2, ! 


2 a: _j_ 2^4- 10* = 500 


(8) 


Subtracting (4) from (8), 


y-f 9* = 390 


(9) 


Dividing (7) by 2, 


— y + 2«= 50 


10) 


Adding (9) and (10), 


11* = 440 




Whence, 


z = 40, C's. 




Substituting in (9), 


y+ 360 = 390 




Whence, 


y = 30, B'b. 




Substituting in (5), 


a: +90 4- 40 = 150 




Whence, 


X = 20, A's. 





Let 



and 



X = oldest son's share, 
y = second son's share, 
z = third son's share, 
w = youngest son's share. 
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Then, 




2 —" 


(1) 






x+z + w 


(2) 






4 


(8) 


and 


. 


X — w=z 14 


(4) 


From (1), 


2x — y — z — 117 =:0 


(5) 


From (2), 




X — By-\-Z'\-w=:0 


(«) 


From (3), 




ar-f-y — 4z-\-w=z0 


(7) 


Adding (5) and (6), 




3x — 4y = 


(8) 


Whence, 




Sx 


(9) 


Subst in (5) and reducing, 


5x — 42? — 4w = 


(10) 


Subst in (7) and reducing. 


7ar_16« + 4«; = 


(11) 


Multiplying (10) by 4, 


2( 


)x — iez — 16w = 


(12) 


Subtracting (11) from 


(12)7 


• 13a; — 20«; = 


(13) 


Multiplying (4) by 20, 




20 a:— 20«; = 280 


(14) 


Subtracting (13) from 


(14), 


7a: =280 




Whence, 




a; = 40, 1 St share. 


Substituting in (9), 
Substituting in (4), 




If — ^ X ^^ Qf) 9A flhn*-« 




Ttf — — t/Vf, AiU oii«. 

40 — «» = U 




Whence, 




w = 26, 4th Rhare. 


Substituting in (10), 




200 — 4«— 104 = 




Or, 




4« = 96 




Whence, 




' « = 24, 3d share. 


Therefore, 




x-\-f/-\-«-\-v) = 120, whole 


1 sum. 


7* 
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GENERAL SOLUTION OF PROBLEMS. 

(Art. 172, pp. 119-123.) 
8. Let X represent the number of hours required. Then 
-, r* ') will represent the fractional part of the whole cistern 

filled bj each pipe, respectively, in 1 hour, and -> the part filled 
bj all the pipes running together. 

Therefore, i + | + l = ! 

Clearing of fract, bcX'\-acx-\-ahx = ahc 
Factoring, etc, (ab-\-aC'^bc)x = abc 

Whence, x = -z—. j-^-, no. hoars. 

<ibc 2X5X10 ,„« -, - 

ab-{-ac-{-bc 10-f-20-|-60 *" *' 

" - ""X"'" =!«„:. = 100, B'..l»re. 



m-{-n+p 300 + 500 + SOOT" 

J\ = «jr.n/?ln = ^ft$r = 160>gs share. 
m-\-n+p 800 + 500 + 800 leoo^ ' 



7. Let 


mx 


and 


n X represent 


the parts. 


Then, 








mx-\-nx = a 


Whence, 










a 

x = — i — 
m + n 


Therefore, 










wi a: = — ;— , 1st part. 


Also, 










»« OJ 


m+n' ^ 


8. 


Let 






x = 


= no. days second travels. 




and 




X- 


hn = 


= no. days first travels. 
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Therefore, 

Or, 

Transposing, 

Whence, 

9. Let 

- Then, 

• Clearing of fractions, 

Whence, 



10. 
Then, 
Or, 

Whence, 



bx = a (x'\-n) 
bx = ax-\'na 
X — ax^=zna 

X = , , no. days required. 

X = the principaL 
, rtx 

100a:-f r<a;=100a 

100a ^. ... 

* = Ioo+7*'*'^P™^P**- 



Let X = the number of beggars. 

ax — h = cx-\-d 
ax — cx = b'\-d 



11. 

Then, 

Or, 

Whence, 

12. 



Let 



X = number of years. 



Let 
and 



p 


rpx 

' 100 

rpx 

100 


= a 
= a—p 










X- 


__ 100 (a- 
rp 


-p) 










x = 


no. 


pieces 


1st kind, 






c — x = 


no. 


pieces 


2d kind. 




a^ 


C X 


1 








b — 





Then, 

Clearing of fractions, bx-^ac — ax = ab 
Or, bx — ax=:ab — ac 

^_ fl(5--c) _ a(c— 6) 
6 — a a — b 

ac — ab b(a — c) 

c — a; = c =- = -^^ ^ 

a — a — 



Whence, 
Therefore, 



, no. 1st kind. 
, no. 2d kind. 
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to aic—b) 10X(— 5) K 1 *u- J 

18. -^ — r-^ = — ;^ ^ = 5, na Ist kind, 
a— 6 —10 ' 

b(a—c) 20X(— 6) ,rt ojfj 
-^ =-^ = ;^ ^ = 10, na 2d kind. 



14. Let X = cost of mixture per lb. 
Then, ((a^b'^c)x=^ma'^nb-\-pc 

Whence, :r = !!^^+J^^^ cost 

15. Let mtx=z A's share, 

nfx=: B's share, 
and pt^'xz=: C's share. 

Then, m<«4'*''*'i'P'"* = ^ 

Whence, x : 



Therefore, mtx= ——z — -r-, — -r, 

nfa 



And, nfx- 



' mt + nf-\-pr 



Also, pf'x= ^ J* J^. -r. 



INTERPRETATION OF NEGATIVE RESULTS. 

(Art. 181, pp. 126-128.) 

3. Let X = the quantity to be added. 

Then, 10 (8 + 0;) = 60 

Or, 10ar = — 20 

Whence, ^ x = — 2 

Two rods should therefore be taken from its breadth, to make 
the area 60 square rods. 
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4. Let 


- = the fhtctlon. 
y 




Then, 


x+1 4 
9 ~8 


(1) 


and 


X 5 
y+1 — 8 


(2) 


From (1), 


9a;— 4y = — 9 


(8) 


From (2), 


8a: — 5y=6 


(4) 


Multiplying (3) by 5, 


45 a: — 20y = — 46 


(5) 


Multiplying (4) by 4, 


32 a: — 20y = 20 


(6) 


Subtracting (6) from (5), 


13 a: = — 65 




Whence, 


a: = — 5 




Substituting in (4), 


_40 — 5y = 6 




Or, 


— 5y = 45 




Whence, 


y = -9 




Therefore, 


- = ^, the fraction. 
y —9' 



Hence, if the fraction be taken as f , 1 must be subtracted from 
the numerator and denominator, respectively, to produce the values 
f andf. 

5. Let 0? = the larger number, 
and 90 — x == the smaller number. 

Hien, a: — (90 — a?) = 120 

Or, 2 a; = 210 

Whence, x = 105, larger no. 

Therefore, 90 — x = — 15, smaller na 

If the numbers be taken as 105 and 15, their difference must 
be 90, and their sum 120. 

6. Let X = the number of years hence. 
Then, 60 + X = 2 (40 + a?) 
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Transposing, etc., 2x — a? = 50 — 80 

x=z — 30, no. years. 
Hence A was twice as old as B 30 years ago. 

7. Let X = B's capital, 

and Sx = A's capital. 

Then, 3x + 2000 = 2 (x + 750) 

Or, 3*a: — 2 a: = 1500 — 2000 

Whence, x=z— 500, B's capital. 

Therefore, 8 a; = — 1500, A's capital. 

Hence it is evident that A's interest in the firm was 3 times as 
great as B's, but that interest was in the form of deht^ and not of 
property, at the first time m^itioned. 



8. Let 
and 


X = the father^s daily wages, 
y == the son's daily wages. 


Then, 
and 


14a; + 6y = 39 (1) 
10a: + 4y=28 (2) 


Multiplying (2) by |, 
Equation (1), 


15a:4-6y=42 (3) 
14a:+6y = 39 



Subtracting (1) from (3), a; = 3, father's wages. 

Substituting in (2), 30 -[- 4 y = 28 

Or, 4y = -2 

Whence, y = — J, son's wages. 

9. Let X = A's daily wages, 

y = B's daily wages, 
and z = C's daily wages. 

Then, 10a:-|-4y-f 3^2 = 23 (1) 

9a: + 8y+6« = 24 (2) 

and 7a:+6y + 4«=18 (3) 
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Multiplying (1) hj 2, 20;b -f 8 y + 6 « = 46 (4) 

Subtracting (2) from (4), 11 ar = 22 (5) 

Whence, a: = 2, A's wages. 



Multiplying (1) by 4, 


40 a! 


+ 16y+12«=92 (6) 


Multiplying (3) by 3, 


21 X 


+ 18y+12« = 54 (7) 


Subtracting (7) from 


(6), 


19 a:— 2y = 38 (8) 


Substituting value of : 


B. 


38 — 2y = 88 


Or, 




2y= 


Whence, 




y = 0, B's wages. 


Substituting in (1), 




20 + 0+3«=23 


Or, 




Sz= 3 


Whence, 




« = 1, C's wages. 



PROBLEM OF THE COURIERS. 
(Arts. 185, 186, pp. 131-135.) 

3. At 3 o'clock the hands are three hour spaces apart ; hence, 
a = 3. Also, m = 12 and n = 1. 

Whence, t = ^i^ h. = ^ h. = 16^*^ m., the time after 3 
o'clock. 

4. Here a = 144, m = 12, and n = 4. 

144 144 

Whence, t = -r — - = -^- = 18, no. hours. 

12 — 4 o 

A travels 18 X 12, or 216, miles. 
B travels 18 X 4, or 72, miles. 

5. At 12 o'clock the hands are together, and the minute-hand 
must therefore gain 6 hour spaces before the two hands point in 
opposite directions. 

Hence, a = 6, m = 12, and w n^ 1. 
Therefore, t = j^ h. = ^ h. = 32^t m. 
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INEQUALITIES. 

(Art. 198, pp. 187-140.) 

4. Given 5x — 6 > 19 

Transposing and uniting, 5 x > 25 

Whence, x > 5 



5. Given 

Transposing and uniting in (1), 

Whence, 

Transposing and uniting in (2), 

6. Given 

Transposing and uniting in (1), 

Whence, 

Transposing and uniting in (2), 

Whence, 

Therefore, 



2ar — 5 > 25 (1) 

3a? — 7 <2a; + 13 (2) 



, 2a; > 30 
ar> 15 
ar <20 

3a:-}-l > 13— a; 
4a; — 7 < 2a; + 8 


0) 
(2) 



4a: > 12 
a?> 3 

2a: < 10 
a: < 5 
x= 4 



7. Given 

From (1), 

Multiplying (2) by — 2, 

Adding (3) and (4), 

Whence, 

Multiplying (2) by — f , 

Inequality (3), 

Subtracting (7) from* (3), 

Whence, 



8. Given 



I 2y — 2a: = — 8 

5a: + 4y > 46 

4a: — 4y=16 

9a: > 62 

a:> 6f 

5;c — 5y = 20 

5 a: + 4y > 46 

9y > 26 

-^dx^cd> - 
^-g- — ca; + crf<.- 



(1) 
(2) 
(8) 
(4) 
(5) 
(6) 
(7) 



(1) 
(2) 



i 


3IMPLE EQUATIONS. 


From(l), 




cx + Sdx> c^ + Scd 


Factoring, 




(c + 3rf)a?> (c + 3d)c 


Whence, 




X > c 


From (2), 




dx—Scx < d^—Scd 


Factoring, 




(d—Sc)x < (d—Sc)d 


Whence, 




x<d 


9. Given 




2a: + 3y <57 (1) 
4ar-f 2y = €4 (2) 






Dividing (2) by 2, 




2a? + y = 32 (3) 


Subtracting (3) from 


(1), 


2y < 25 (4) 


Whence, 




y < 12i (5) 


Multiplying (3) by 3, 




6a? + 8y = 96 (6) 


Subtracting (6) from 


(1), 


— 4a? <— 89 


Or, Art 192, 




4a? > 89 


Whence, 




a:>9} 


10. Let 




a? = the number of pupils. 


Then, 


2x 


— 7>29 (1) 


and 


Sx 


— 5<2ar+16 (2) 


From (1), 




2a:>36 


Whence, 




a?> 18 


From (2), 




X <21 


11. Let 




X = the number. 


Then, 


3a;+16 > 2ar-lj-24 (1) 


and 


2x 
6 


+ 5<11 (2) 


Prom (1), 




x> 8 


From (2), 




¥<« 


Multiplying by J, 
8 




ar < 15 
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12. 


Let 


X = the namber of sheep. 


Then, 




8a; + 2>2a;+61 (1) 


and 




5« — 70<4a;— 9 (2) 




From (1), 


x> 69 




FKMtt (2), 


or < 61 



As the number of sheep must be integral^ 

ar=60 



INVOLUTION. 

POWERS OF MONOMIALS. 

(Arts. 203-205, pp. 141-148.) 

9. See Art 77. 

11 and 23. The sign of the answer is either + or — , accord* 
mg as m represents an even or an odd number. 

22. (— 3ar»y-2^-i)-»=— 3-«a?-V^=— sV^'V**- 

POWERS OF POLYNOMIALS. 

(Art. 206, p. 144.) 
1. (a — J) (a — J) (a — J) = a« — 3a26 + 3aft2_58. 

'■ (s-0(?-a)=|-^+|- 
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(l+2a2+2J-2 + a* + 2a«6-2+J-*) (l + a«+J-«) 
= 1^3a«+3J-« + 3a*+6a«J-a+3J-*+a«+3a*6-« 
+ 3a2i-* + 6-«. 

4. (a-f-m — w) (a + m — n) 

= a^ + 2am — 2an + w* — 2mn-\'n\ 

5. (a« — a») (a"» — a»)=a«"' — 2a"'+» + a«'»; 

(a2m_2a"»+» + a«") (a** — a") 

= a'^ — 3 a2*»+» + 3 0"*+^" — a'" ; 
(a»« — 3a^'^+" + 3a"»+*" — a'") (cT — o") 

= a*"» — 4 a'"*+" + 6 a2»+»» — 4 a"*+'" + a*". 

6. (a + J) (a + J)=a«+2aJ + 5^; 

(a2+2a6 + 62) (a + J) =a» + 3a2J + 3a5^ + J»; 
(a»4-3a26-f3a52_|_^) (a_|_j). 

=a*_|_.4a»6+6a262+4a58 + 6^ • 
(a* + 4a«J+6a2ft3_|_4a^8_|.j4) (a + J) 

POLYNOMIAL SQUARES. 
(Art. 207, pp. 145, 146.) 

= (2x^)2+2 (2x2) (3x)+2 (2x2) 4+ (3a:)2+2 (3a:) 4+42 
= 4x*+12x» + 25ar^ + 24a:+16. 

8 (2a:2_3x + ^)2 

= (2x2)2—2 (2x2) (3x) + 2 (2x2) J+ (3x)2— 2 (3x)i+(i)' 
= 4x*— 12x«+llx2 — 3x+i. 

5. '(x»+2x2 + x + 2)2 

= (x»)2+2x8(2x2) + 2x8x + 2x82 + (2x2)2 + 2(2x2)x 
+ 2(2x2)2+x2 + 2x2 + 22 
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=a;«+4x5+6a;* + 8a:« + 9a:«+4a: + 4. 

6. (1 — 2ar+8ar»)2 

= 1 — 2(2a?) + 2(3ar») + (2x)«— 2(2ar)(3ar«) + (3arO' 
= l_4ar + 10ar»— 12a:«+9a;*. 

=:l_^2a; + 2ar»+2a:»+ar»+2a?ar^ + 2ara:«+ («:«)« 
+ 2ar»a:«+(a:«)« 

8. The answer is obtained hj a direct application of the rule, 
as in the 1st and 4th. 

POLYNOMIAL CUBES. 

(Art. 208, pp. 146, 147.) 

2. {3^—x—iy=(x'y — d(a^yx — B(a^y — a^-{-Sa^a^ 

— Sx'—l + Sx^ — Sx+Qx'x 
= afi—3a^ + 6a*—Bx — l. 

3. (a — 64-l)» = a» — 8a«A + 3a2 — ^ + 3aft2_|_352 4. 

l^Sa — Sb—Qab 
= a« — 3a2J + 3a« + 3a5^— 6a6 + 3a — i« + 3ft2_ 
3^4-1. 

4. (l^x + x'-\-af'y=l-{~3x+dar'+3af' + 3^-\-3x'+ 

3 a:^af + 3 x2a:«+ (ar^)» + 3 (a:2)«+ 3 (ar»)2a; + 3 (r*)»a^ 
+ (a^)»+3 (x»)«+3 (a«)2a:+3 (a:«)2ar» + 6a;ar» + 6xa:» 

= 1-1-3 a:+3ar»+3ar» + 3a« + a:« + 6a:8 + 3a;* + 3a?* 
+ 6ar* + 3ar» + 3a:« + 6a«+a:«4-8a:« + 6a:« + 3a;H 
3x^ + 3x^ + 0^ 



EVOLUTION. 
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= l-|-3a.-|-6a:« + 10a:« + 12a:* + 12aJ^ + 10a:« + 6a:» 

5. The answer is obtained by a direct application of the rule, 
writing the cubes first, and remembering that the squares of the 
third and fourth terms are 4 c^ and d^. 



EVOLUTION. 



SQUARE ROOT OF NUMBERS. 
(Arts. 216-219, pp. 150-154.) 



(2.) 
273529 
25 



523 



102 



235 
204 



1043 



3129 
3129 



(4.) 
106929 
9 



327 



62 


169 
124 




647 


4529 




4529 






(6.) 


.9409 


81 


187 


1309 






1809 



.97 



(3.) 
45796 
4 


41 


57 
41 


424 


1696 
1696 



(5.) 
33.1776 
25 


107 


817 
749 


114 


6 


6876 
6876 



214 



5.7 6 





(7.) 


6561 


64 


161 


161 




161 



81 



(Continued on next page.) 
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KEY TO HIGHER ALGEBBA. 





U4 + 


2f 


9025 
81 


95 




185 


925 
925 




(9.) 

2.000 000 

1 


1.4 


(11) 
7 X 10» = 700 
^00 = 26 + 


24 


100 
96 




26 -5- 10 = 2A 

(12.) 
11 X 15* = 2475 


2{ 


)1 


400 
281 


2824 


11900 
11296 


^2475 = 50 — 
50 ^ 15 = 3A 



604 



(13.) 



12.0000 
9 


64 


300 
256 


681 


5 


4400 
4116 



8.46 



284 



(14.) 

5.0606000600 
4 



42 



2.2 3 60 7 



100 
84 



443 



1600 
1329 



4466 



27100 
26796 



447207 



3040000 
3130449 



The last two examples may also be solved like the 11th and 
12th. 



EVOLUTION. 
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17. 



sIT 



1.41421 



yf^' 



= .20203. 



• 5 384 1920 ^1920 44 , 

20- 6 X 884 = 2304' VlM = 48'"^^^' 



(21.) 
^ = .64705882 

.8044 



.64705882 
64 


1604 


7058 
6416 


1608^ 


I 


64282 
64336 



CUBE ROOT OF NUMBERS. 
(Art. 252, pp. 155-168.) 

(3.) 

123 



300 


60 


4 


364X2 = 


43200 


1080 


9 


44289X3 = 



1860867 


1 


860 


728 


132867 


132867 
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KEY TO HIGHER ATliTotK/j, 



.724150792 
512 



19200 
2160 

81 

21441 X9 = 
2376300 
21360 

64 

2397724X8 = 



.8 9 8 



212150 



192969 



19181792 



19181792 



(5.) 

i48i.544 
1 



300 
80 

1 

331 Xl = 
36300 
1S2O 

1^ 

37636X4 = 



11.4 



481 



331 



150544 



150544 



29791 
27 



2700 
90 

1 

2791X 1 = 



31 



2791 



2791 



(6.) 



19200 

1920 

64 



681472 
512 



88 



21184X8 = 



169472 



169472 



EVOLUTION. 
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(7.) 
-^. = .176470588235 
.176470588285 
125 



7500 51470 

900 

36 

8436X6 = L50616 
94080000 

151200 

81 

94231281 X9 = 



.5609-}- 



854588235 



848081529 
6506706 



ROOTS OF MONOMIALS. 

(Art. 223, pp. 158-160.) 

7. Divide each exponent by m, 

8. Extract the cube root of — 8, and divide each exponent 
by 3. 

9. Extract the square rootNof 16, and multiply each exponent 
by i, or divide by 2. 

10. Multiply each exponent by -, or divide by n. 

11. -^{^ — y)" = ^" (* — VY 5 dividing each exponent by 
m we obtain a"*« (x — y)». 

12. Divide each exponent by 2, and prefix the double sign, 
because it is an even root. 
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KEY TO HIGHER ALGEBBA. 



SQUAEE ROOT OF POLTNOmALS. 

(Arts. 224-226, pp. 160-163.) 

(3.) 

ta^ — x—1 





4.3? — X 


— 4a:» — 3a? 

— 4a?+ a? 


4*» — 2 


X— 1 


— 4««+2x + l 

— 4x* + 2«+l 



(4-) 





4o*— 16a« + 
4 a* 


24 a*— 16o + 4 


4a»- 


-4a 


— 16a»4-24a» 

— 16a»-|-16a« 




4a« 


— 8a-l-2 


8a»— 16a-|-4 
8a»— 16a-|-4 



2a« — 4a + 2 



«« + 2m — 1 — --1-i 



(5.) 



m" 



m + l — - 



2m4-l 
2m + 2- 



2m — 1 
2m + l 



2. 









EVOLUTION. 
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(6.) 



a:2_ 4a: + 2 + 4ari4.a;-« 
ar» 



x — 2 — ar^ 



2x- 



— 4a: + 2 

— 4a; + 4 



2a? — 4 — ar* 



_2 + 4ari + ara 
— 24-4ar-^ + g"^ 



(7-) 



1+a; 

1 



^+i-^+^^ 



^+^ 



^+4 



2 + a:-$ 



4 

4 8 » 64 



8 64 



(8.) 



a 



«^ + — i i + etc 

2a* 8a* 



2a« 



* 4a 



a« 8 a* 



■4a 



l^ 



h* 



4a 8a« '^64a» 



8a* 64a» 
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(9.) 













i: ■ a;* a;» 






1— X 


^ 2 8 16 


— etc 




2- 


1 








X 


X 






2 










—+: 


f 






o ~, 


^^1 


a 




^ — x — -^ 


4 ~ 8 ~ 64 






2 ». ** 


a^ 


a:» a^ 




2_a,----g 


8 64 








8 ~16~64~ 


a* 

256 




6x* 


3^ 


a* 


64 


"64 


256 


(10.) 








.a:* X* a* 


5a* 




o«+x» 


^ 1 * 1 




L_ <»f/» 


" *~2a 8a» ' 16a» 


128 a 


, -f- eM% 


a« 








2«+r« 


a* 








- . *• 








^ + 4-^ 








I** ^ 


e* 1 


x^ 




«+a-87' 


4a« 

a?* a^ . a:" 
4a» 8a* ' 64 a« 






« . !«• *• 


. a* 1 


a* «• 




2«+a 4a'+16a. 


8 a* 64 a« 








^4.r 


X- 


x« 




8a* "^lea* 


64 0*^ 


256a»*> 


,*'*',«• 6a 


^ 


6X- 


aoa 


x" 


T" a io" ' 8o» 128a' 


64 a« ' 


64 a» 


256 a*** 




6x» 


6a:»« , 


5x« 




64 a» 


128 a'"' 


612 a»^ 






7x'^ 


7x" , 



128 a« 512 a«» 



etc 



EVOLUTION. 



97 



11. (9y«_6a:»y« + a;»)i=V^« — V/? = 3y« — *• 

12. (a«-aa:+^)* = V?-y/f = a-| 

13. (a*» — 4a"+" + 4a«»)^ = v'S^— V4^ = «* — 
. /«^ 4ab , 4y\^_, /tf ./lF_?_26 



2a» 



CUBE ROOT OP POLYNOMIALS. 

(Akt. 227, pp. 163-166.) 

(3.) 
tf+3tn+Sal)'-^+Me+6abc+3Vc+3a<*+Sb<*-j-<* 



a+6+c 



3cf-\-s<ah^ 



8<i«6+3<rif-|-J» 
8<^6+3ay+y 



8<^4-6aH-8S'+3ac+36c4-c' 



3a'c+6a6c+8*'c+8ac'+36c'+c« 
8o»c+6o6c+3yc+8<ic'+86c'+c' 



(4.) 
l_6y-f-12y«— 8y» 
1 



1— 2y 



8 — 6y+V 



— 6y+12y«— 8y» 

— 6y+12y»-8y* 



(5.) 
-' + 3x + | + i 



' + 



3«^ + 3+^ 



3^ + l + i 
3- + ! + i 
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• (6.) 



6« 



Ga^+12aH^—Sb^ 



6* 



6* 






(7.) 
a:* 



ar»— 2a4-l 



3a;*— 6a«4-4ar» 



— 6a:»+15x*— 20a:» 
— 6a:^+12g*— 8a:« 



3a?*— 12a:«+15ar»— 6a4-l 



3a;*— 1 2a:»+15ar»— 6avfl 
3a;*— 12a:«+l 5ar^— 6a;+l 



ANY ROOT OF POLYNOMIALS. 



(Arts. 228, 229, pp. 166-168.) 
(2.) 



«i»_6w«+40m»— 96w — 64 



3m* 



m2_2m— 4 



— 67W« 



(w^— 2w)«=w« — 6m5-f-12w* — 8 7»» 



3w* 



— 12w* 



(m^— 2»j — 4)« = m«— 6^54.40 m« — 96m — 64 



BVOHmON. 



99 



(3.) 





-2a!if-\-3* 


2a? —2c?x 




(a« — ox)«=a*— 2a*x+a»ar' 




2a« 2 a* 3^ 





a^ — ax'\-x^ 



{a^—ax+x^y = a^—2a*x + 3a^a? — 2a3i^-\-ai^ 



(4.) 

32x» — 80a;* + 80a:» — 40a:2 + 10a: — 1 
32 a^ 



2a; — 1 



80a?* —80a:* 



(2 a: — l)« = 32a:* — 80a?* + 80a:« — 40a:3+10a? — 1 



(5.) 

1 6a?*— 96a:V+ 21 6aY— 21 6ay«+ 81y* 
16a?* 



8a?«— 12a^ 



— 96a?V+216a:y 
— 96a:»y+144a?y 



4ar»— 12a3r+9y« 



8a?a— 24a:y+9y2 



72ar^«— 216ay»+81y* 
72a?y— 216ay»-t-81y* 



4a?*— 12a?y+9y2 
4a?* 



2x—3y 



4ar— 3y 



— 12a?y+9y* 

— 12a?y+9y« 



100 



KEY TO mOHBB ALGEBRA. 



(6.) 



«._6a«+15a«-20+^-|.+i 



o«_3a + ?— ^ 
I a of 



2a»— 3o 


— 6o«+15a 

— 6a*+ 9a 


1 

2 




2a»- 


-6a+«- 


6a«-20 + y 
6a«-18 + J 


2a*— 6a + -- 


1 


,6 6,1 
9,6 61 


3a»— 8 + 


a» 


I 


_3. + |_' 







1 

a 

a 



RADICALS. 



REDUCTION OF RADICALS. 

CASE L 
(Arts. 236, 237, pp. 169-172.) 
2. V27a»aH^ = v/9o»ar*X 3aar = 3aar»V3«a^. 



4. V96o^=Vl6a«a;"X 6a: = 4aa: V6ar. 



BADICAIS. 101 

5. y'a"+»A" = ('d"*'X a" = a J ^. 

6. 2cmJ'768 = 2c V'256 X 3 = 2c X 4 ^r= 8c ('sT 

7. )Ja* — a^b= ^a^{a—b) = a \Ja — b. 

8. (a ««— 6 aa:+9 o)* = [(« — 8)« X a]* = (ar — 8) A 



9. VC*'-/) (*+y) = V(x +yY (x-y) = («+y) V-'-y. 

,- 1 . /^ 1 . /a^ ^ 15 1 . /16? 1 . /«• ^ ,. 



u v/~^^-J "^ x°+' 

,. a Icfh—icfVA-aV a ^ /(a— by ,, T 



a (a — 6) ,— jT ^ n 

= jr(rfCI^^^''* = 6(5+5) v^- 

CASE n. 
(Arts. 238, 239, pp. 172, 173.) 

^- ?=^=v(^r=i) =V(?=:p)«- 

7. «(2o— a:)* = [ar'(2a— a;)]*=(2aar»— a:»)i 



102 KEY TO HIGHER ALGEBRA. 



11 x+1 . /x-1 _ / (r+iy(x-l) _ ,/^Ti 
"• X— 1 V«+1~V(*— 1)'(«+1)~V«— 1* 

CASE m. 
(Abt. 240, pp. 174, 176.) 

2. a^ = Jz=\/c^; oi = a^ = ('?. 

X ti Mil . , 1 iw mn. .^_ 

6. In the first, multiply the index and the exponent bj 2 ; in 
the second, by 3. 

ADDITION OF RADICALS. 
(Art. 241, pp. 176, 176.) 



3 



3. V375 = V125X3 = 5V3 



3, 



V192 = V64 X 3 =4V3 



Sum = 9'V^3 



RADICALS. 
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4. Z^¥h= Za^h 

5 Vl6^ =5X4 a Wr=20a«\/6^ 

Sum=(3a + 20a2)V6 

5. 3V| =3Vfxl =3VAX10 =|ViO 

2Vj^ = 2V^Xt8 = 2VT^^X10 = tVlO 

Sum = fVlO 

6. (&*y)3 = (&3xfty)* = i(fty)* 

8V|~= 8ViX3 = SV3= 4V3 

— iVl2 = — JV4X3 = _jV3 = — V3 
4\/27= 4V9X3 =4X3V3= 12 Vs 

— 2\/^= — 2V^^30= — |V3= — ^V3 

Sum= 14jV3 

V48o62 =Vl662x3a = 46V3T 

V75a» = V25 a^ X 3 a = 5 o V3a" 

V3 a (a— 9 6)2 = (^ — 9 6) VSa 

Sum = (6a — 5 6) VSo" 



7. 



8. 



9. 



<JW=s/'- 



27a'X^ = 3. 



8y^ 
2b 



Sum = (3 a ■ 






104 KEY TO HIOHEB ALGEBRA. 

ll(2aW«)*= ll(aVX2aft)*= Ila6(2a5)* 
Sum = ll(3aV-|-ii6)(2a6)*=(83a-6»+lla5)(2aft)* 

11. V24= VTX6= 2V6 

2V72=2V36X2 = 2X6V2 = 12V2 

aVhs^ =iaxVb 

Sum = 2 Ve + 1 2 V2 + a a: V6 



12. V1256*— 250a^ = Vl25^(6 — 2a) = 55V6— 2a 
V^64a»6 — 128a* =:\^64a»(&— 2a) =4a\/6 — 2a 

Sum = (56+4a) \^6— 2a 

SUBTRACTION OF RADICALS. 



(Aet. 242, pp. 176, 177.) 

= 2 \^64 X 5 = 2 X 4\^ = 
8\^ =3>V^ 8X5 = 3X2\^ = 6\^5 



2. 2\^320 = 2\^64X5 = 2X4\^ = 8\^ 



Difference = 2 \^5 

8. V4aar» = 2a:Va 

3a:V9a = 3a:X 3Va = 9^Va 

Difference = — 7 a: Va 

V^=\^yX^ = \^^ X75 = ^.\^= T^^ 

Difference = ^ V^ 
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6. f-v'^^^'V^ 

Di£ference = (i?-^4^ 

6. The radicals are dissimilar, and no simplification is possible, 
except to separate the factor 4. 

7. 35(2o»>)*= 36(o« X2a»i»)*= 3aJ(2a«J«)* 
— 7(2«»»J»)*=— 7(o»yx2a*J»)* = — 7a6(2a''ff')* 

8a(2a«J»)*= 8a( J»x2a''J«)*= 8aJ(2rf'6«)* 

Difference = 4 a 6 (2 a» i*)^ 

Difference = (m* — »*) V»»^-|-n^ 

MULTIPLICATION OF RADICALS. 
(Abts. 243, 244, pp. 178-180.) 

fi^m^ ^M-- WW. fttn^— ^ wilt- 

2. VaXVh = VV X V&"* = Va»fr». 

8. 5a*X3a* = 5\^X3\^= 15\^ 

4. 4Vl2x3V2 = 12V2i = 12 V4>r6 = 12X2\/6 
= 24V6. 



rO HIGHER AXGEBBA. 



- J)i = V(a+J)* X V'Ca + J)* 



/ 



'=^)/ix«>'C?^«=J"V^. 






26' 



(10.) 

-Vy 

-as Vy-f-y^^ 

+yVSI 

(12.) 



— Vac — VJc — c 



\h 



A-h 
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DIVISION OF EADICALS. 

(Abt. 245, pp. 180, 181.) 
2. ^ = 2Vi2 = 2Vrxl = 2X2V3 = 4V8. 

4a 4a 4a 

5. Subtracting the exponent ^ from the exponent ^, we have 
the exponent — J. (Art 77.) 

"''(a?y»)i -(ar«y«)i " W ^ ~WW "^"^^^ 

c (ax)^ 

V2ft2/» • V 353^~V46^y* • V 862^~V42»»y*'^2a«a;« 

10 V20+V12 _ 2V5+2V3 _ g 
V5"4-V3 V5 + V3 "" 



108 KEY TO HIOHKR ALGEBRA. 



(11.) 



a + 2Va5 + 5 — c 
a-^-^ab — Vac 



A/a-\-Vb—Vc 



Va-\-Vb-^Vc 



^/^^V^-\^b 

V^ •^b — ^/bc 

POWERS OF RADICALS. 
(Abt. 246, pp. 181, 182.) 
2. (9a;'V'3a"^)«=81x«'V'9^J« = 8l6a:»'V'9^. 
8. (V^* = ^^* = ft\^ = jVa. 

Or, (-V^' = V^ = 6 Va. 
*• (iV3)»=^V27 = ^V9l<3 = ifrV3 = iV3. 
. 5. (—^y = 4^^ = v'a* X «" = a»\^ 

6. (2 + V8)«=4 + 4V3 + 3 = 7 + 4V3. 

7. (a — Ja:V = a*— So'ftaji + SoJ** — «»xf (Art208.) 

8. (2 Va — 6)« = 8 V(a — J)« = 8 (a— 6) VoIITI 



RADICALS. 

ROOTS OF RADICALS. 
(Aet. 247, pp. 183, 184.) 

1. ^ = ^^ 

2. (64 V^)* = 64* y^7 = 4\^. 
8. (a" V^)* = 4^5. 

4. (24 VSa)* = (4 Vi08a)* = 2 vToSa. 

5. [(a;+y) VH^]* = (V(x+y)»)* = V^+^ 

«• (f\/0*=(v/s)*=v/r=vf=*v5 

7. (2 Vi^^=^)^ = (V4(a« — ar) )* = v'^Ca^— a:) 

(9.) 
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a. 



9a + 36(3aar)i + 108ar 
9a 



30*4-6 (3a:)* 



6ai+6(3ar)* 36 (3a a:)* -f- 108 a: 
36 (3 g a;)* + 108 a? 
The square root may also be obtained by Art 226. 

RATIONALIZATION. 

(Art. 251, pp. 186-188.) 

1. The coefficient, 3, is akeady rational, and V5 is rational- 
ized by Art. 249* 

3 Va»" X Va = 3 a^ X «^ = 3 a«. 

2. (a + Vb) (a — Vb) = a' — b. (Art. 250.) 

10 
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8. Let n = 4 in Art. 250, 1 ; then 

(x+y) (*» — x'y+xy* — y*)=a:* — y* 

Or, (Si + si) (5^ — 6* X 3^4- 6* X 3* — 3*) = 5—3 = 2, 

in which 5* — 5^ X 3* + 5* X 3* — 8* is the rationalizing fac- 
tor, and 5 — 3, or 2, is the quantity after it is rationalized. 

4. '^{a—by X ^{a—h)* = >^{a—by = a — h. 

5. Let n = 6 in Art 250, 2 ; then 

(ar— y) (*»+a;'y+x»y*+x«y»+a;y*+y») =a:«— y« 

Or, (a* — **) (a* -\-a*h^ -\-J 6* -|_ a *" + a* 6* -f J^ = 
cf — h*. 

7 -LxE = *i^ 
8. _Lx^^=i5!^. 

9 _J_v^ + ^^ — iM+y2)_ 4/5 1^/2 

y/b-\-^c^^—yl6~ b — c ' 

11. (Vf— VT — V3)(V8+Vr— V3) = 10 — 2'S^4 
(10 — 2 V24) (10 + 2 Vii) = 100 — 96 = 4. 

12, Vq + «— Va — » ^ y<t + a:— yg — X _ 

V^a -j- X -j- y/a — X V^o-j-x — y/a — x 



g-f-x— 2 y/a'— x'+ff— X 2g— 2 Va"— x'_ a— y/a"-— x*. 

a+x — a-|-x 2x x 
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14 ^ V g + \r2 _ 8v/2 + 2 _ 4.2426 + 2 _ 

IMAGINARY QUANTITIES. 
(Aet. 256, pp. 190-192.) 

1 and 2. The answers may be obtained directlj by Uie rule 
found in Art. 255. 

3. The imaginary terms cancel each other. 

4. The fifth power of V — 1 is the same as the first power. 
(See Rule, p. 191.) 

5. (a + V=T)(a — V^ = a«— (— J)=a« + 5. 

7. (44.VIl7)\/ir2"==4\Air2"— Vli. 

8. (3 + 4V^=n)2=94-24\/i;rr— 16==— 7+24V=T 
^ l+V^ _ l + 2VIIl — 1 _ 2\/^ 



i_VZ3 i_(_V^ 1 — (— 1) 2 



2_V^l2 2 + V— 2 4 + 2 

6 ' 

11. (c± V^=^»===c»±3cW^=^+3c(V^=^«±V^=^ 
= c» ± 3 c« V^=^— 3 cc? ± dV^^. (Art 208.) 
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12. vir?xV^^xV=^=aV^xftV=ixcv/=l 
18. (vcr^)(vcri^)(vr=^(vc:^)===(«Vi=i)(5V=ri) 

(e^'^) (d^'^) =ahcd(^^^y = abed. 
14. g+V^^^ . g — Vd6 _ q«^2av/^ll6— & 

PROPERTIES OF QUADRATIC SURDS. 
(Art. 265, pp. 194-196.) 



2. Here a = 11, 5 == 72, and c = ^o^— 6 = ^121 —72 
= V^49 = 7. Hence, from (7), 

vri+7ii=v/^+v/^=3+v/2. 

3. Here a = 6, 6 = 20, and c = V36 — 20 = ^16 = 4 
Hence, from (7), 



V6+715 = y/l±i _}. y'iz^^ = VS + 1. 

4. Herea = l, ^8 = 4^^^ = V— 48, or i = — 48,aDd 
c = VI +48 = ^49 = 7. Hence, from (7), 

Vl + 4V^ = y/l±I + y/i^ = 2 + v'=:8. 
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6. Here a = 43, ^6 = 15 ^S = Vl800, or 5 = 1800, and 
c = Vl849 — 1800 = V49 = 7. Hence, from (8), 

6. Here a = 12, V^= 2 ^35 = V^140, or 5 = 140, and c = 
y 144 _ 140 = v/4 = 2. Hence, from (7), 

7. Here a = 2m, v/5"= 2 \Jn?^^^ = V^4(w»— n«), or i^ = 
4ot«— 4 n^ and c = v/4m'»— 4^2+4 n^ = ^4/? = 2 n. Hence, 
from (7), 

+ ym — w. 

8. Here a = 0, ^5"= 2^—1 = V— 4 ©r h = — 4, and c 
= Vo + 4 = 2. Hence, from (8), 

9. Here o = J, V* = | V^IT^ = y/?^, or 6 = 

— J— ,andc=y/^ i— =V/ 16-^^^ = -— • 

Hence, from (7), 

v/f+fv^=^=v/^ 



/a« , a« — 2J* /a« a« — 26» 



4 +4./ 4 4 



2 



=v/^^+#=vTk=J^ + v/t 



=iy/Srr^4- * 



2 

10* 
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RADICAL EQUATIONS. 
(Art. 267, pp. 196-199.) 

6. Given V5+ 6 = Vl2+x 

Squaring, a:+12 Vx+36 = 12-f a: 

Transposing and uniting, 12 Vx^= — 24 

Dividing by 12, Vr= — 2 

Squaring, a: = 4, 

in which 4, the value of a;, is limited to the negative square root. 

7. Given Vi + Va: — 7 = -tJL^ 

Clearing of fractions, Va:^ — 7a:-)-a? — 7 = 21 



Transposing and uniting. 


Var"— 7a: = 28— X 


Squaring, 


a?—7x = lM—5%x-\-3? 


Transposing and uniting, 


49a; =784 


Whence, 


a; =16 


8. Given 


-V'3a:+4 + 3 = 6 


Or, 


4^3x4-4 = 3 


Cubing, 


3a;-f4 = 27 


Or, 


8a: = 23 


Whence, 
9. Given 


x=n 

X 


yjl^+x — b — '' 


Clearing of fractions, 


x^cVU^-^-x — hc 


Transposing, 


a:+5c = cV62+a: 


Squaring, a:^-}" 


2 6ca;+5V = 62c2-|.caa: 


Or, 


x^^=c^x—2hcx 


Dividing bj x. 


x = c^—2bc 
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1 1 

10. Given (a:+2)^ = (a:«4-10a:+l)*^ 

Baising to 2 i»th power, (05 -|- 2)* = a:* -f- 10 a:-|- 1 

Or, a:«+4a:+4 = x2+10a:+l 
Whence, 6 a: = 8 

Dividing by 6, a: = J = ^ 

11. Given V«^^^2 = 16— Vi 

Squaring, a: — 32 = 256 — 32 V« + a: 

Transposing and unitmg, 32 Vx = 288 
Dividing by 82, Vi = 9 

Squaring, x = 81 



n. G.,» ^_^^+-^=^ 






S,«ri«g, ^^ + 2^ + j^^ = ^^ 






c 



Dropping equal terms, — i 1 = 

^^ ° ^ a-\-x ^ a — X 

Clearing of fractions, ab — bx-\-ac-{'CX=iO 

Or, {b — c)x = a{b-{'C) 

Whence, x = a (r^^) 



13. Given a-^-x — Va^+ar^fi*^^ 

Squaring, a«+2aa: + ar2 = a^-^arV^^+ar^ 

Dividing by a:, etc, 2 a + a: = V^^ 4^ 

Squaring, 4a*4-4aa:-l-a:^ = ^+a^ 

Or, 4aa: = ^— 4a^ 

Whence, a; = a 

4a 
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14. Given (a:*-|.8a«)*— (x*— 8a«)i = ^^* 

Squaring, a:* + 8a«— 2 (a:—9cr«)*+a:* — 3a« = i|^* 

Clearing of fractions, etc., 2bx^ — 2b{x — 9 a*)* = 4 a a:* 

Transposing, etc., bx^ — 2ax^ = b(x — 9 a*)* 

Squaring, l^x — ^abx-{'4:a^x=zl/^x — 9a*^ 

Dividing by a, etc, — 4ibx-{'4:ax = — 9 a* ft* 

Factoring, etc, 4(i — a)a: = 9a*S* 

Whence, 



'4(6— a) 



QUADKATIC EQUATIONS. 

PURE QUADRATIC EQUATIONS. 

(Arts. 271, 272, pp. 200-203.) 

2. Given 4a:2__7_29 

Transposing and uniting, 4 a:^ = 36 

Dividing by 4, a:^ = 9 

Evolving, a: = ± 3 

8. Given 6a:^+5 = 3a:2^55 

Transposing and uniting, 2 a:^ = 50 

Dividing by 2, ar* = 25 

Evolving, a: = ± 5 

4. Given 7a:«— 5 = 3a:« + ll 

Transposing and uniting, 4a:^ = 16 

Dividing by 4, a:^ == 4 

Evolving, a? == ± 2 



5. Given 
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8 



4-|-a: '^4— a: 3 

Clearing of fractions, 60 — loa:+60+15ar = 128 — So" 

Or, 8a:« = 8 

Dividing by 8, ar* = 1 

Evolving, a: = ± 1 

6. Given s? — ab = d 
Transposing, a:^ = c? -j- « ^ 
Evolving, x=z ± Vfl?+a6 

7. Given aa:^-|-n = m — c 
Transposing, aa^=zm — c — n 

Dividing by a, a:^ == 



Evolving, a: = ± l/- 



m — c — n 



8. Given ^_3 + _ = --x« + _ 

Clearing of fractions, 12 ar»— 72 -}- 10 a:« = 7 — 24 ar» + 835 
Transposing and uniting, 46 a:^ = 414 



Dividing by 46, 


a^ = 9 


Evolving, 


x= ± 3 


9. Given 


13 — V3ar»+16 = 5 


Or, 


V3ar»+16 = 8 


Squaring, 


8ar»+16 = 64 


Transposing and 


uniting, 3 ar^ = 48 


Dividing by 3, 


a:»=16 


Evolving, 


X— ±4 


10. Given 


^ 1 Vx^ 1 ^_ 2a 




"^ ' ^ "^ ' "^ V/^+a 


Clearing of fractions. 


ar\/ar» + a + a:» + a = 2a 
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Transposing and uniting, x Va:* -|- a = a — 3^ 
Squaring, aJ*-|-aa:^ = a* — 2aa:^-|-^ 

Transposing and uniting, 3 a 0^ = 0^ 



ividing by 3 a, 


^=1 


solving, 


x=±)/l=±iVra 


11. Given 


I 1 }/S 


Clear, offract, 


1 4- Vl — ar"— 1 + Vl — a:* = V3 


Uniting, 


2^1 — ar' = V3 


Squaring, 


4— 4ar« = 3 


Whence, 


4a^=l 


Dividing by 4, 


^ = i 


Evolving, 


x=±i 



12. Given Sf+Vopf^ A 

Mult, by V^ Vo + x -|- Va — x = -p 

Squaring, a -f-a? + 2 Va* — a? -|- a — ^ = ~g 

Clearing of fractions, etc., 1 2 Va^ — x^ = x^—l2a 
Squaring, 144a» — 144 ar» = «*— 24 0x^-1-144 a* 

Whence, «* = 24aa:»— 144x« 

Dividing by ar», ar» = 24 a — 144 

Evolving, x= ± V24a — 144 



14. Given 






3a: + 3y = 5a; (1) 

+y)» = 960 (2) 

From(l), y = ^ (3) 
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Substituting in (2), 


a^ + lf=^9eO 




Clearing of fractions, etc., 


5ar»=2880 




Dividing by 5, 


a:« = 576 




Evolving, 


a?=±24 




Substituting in (3), 


,=±=r= 


:±16 


15. Given 


f3x«+ 4y« = 76 


(1) 
(2) 


Multiplying (1) by 3, 


9a:»-l-12y = 228 


(3) 


Multiplying (2) by 4, 


— 44«*+12y= 16 


(4) 


Subtracting (4) from (3), 


63ar«=212 


(5) 


Dividing by 53, 


x*=i 




Evolving, 


x=±2 




Substituting in (1), 


12 + 4^ = 76 




Transposing and uniting. 


4y«=64 




Dividing by 4^ 


y»=16 




Evolving, 


y=±4 




16. Given 


(«*— a:y = 54 
\xtf—f=lS 


(1) 




(2) 


Dividing (1) by (2), 


x(x—y) X g 

y{x—y) y 


(3) 


Or, 


x = Zy 


(4) 


Substituting in (2), 


Zf—f = \% 




Or, 


2y=18 




Dividing by 2, 


y» = 9 




Evolving, 


y=±3 




Substituting in (4), 


x.= ± 9 




17. Given 


ja:«+xy=60 
lxy+»» = 84 


(0 
(2) 


Adding (1) and (2), 


a:»+2a;y+y«=144 


(3) 
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Evolving, 


x+y=±12 


(4) 


Dividing (1) by (4), 


x= ±5 




Dividing (2) by (4), 


y=±l 






raJ»— y* = 2268 


(1) 


18. Given 


\ ^0^ 






\ 4,=28y 


(2) 


Multiplying (2) by ^, 


9a:»— 16y»=:0 


(3) 


Multiplying (1) by 9, 


ga^a—gj^^ 20412 


(4) 


Subtracting (3) from (4), 


7^ = 20412 




Dividing by 7, 


y»=2916 




Evolving, 


y=±54 




Substituting in (1), 


z* — 2916 = 2268 




Transposing and uniting. 


a:* = 5184 




Evolving, 


x=±72 





PROBLEMS 

LEADING TO PURE EQUATIONS. 

(Pp. 203-205.) 

2. Let X = side of each lot, 

and 3 a:' = contents of the three. 

Then, 3x«+193 = 25« 

Transposing and uniting, 3 a:^ = 432 
Dividing by 3, a:^ = 144 

Evolving, a; = 12, side of each. 

8. 



Let 


X ■=. A's capital, 


and 


y = B's capital. 


Then 


xy . , 


and 


2j; = B'8gait.. 



QUADRATIC EQUATIONS. 
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Bj the conditions, 


^ + Too = 27 0) 


and 


2^0 = 32 (2) 


From (2), 


.y2=6400 (3) 


Evolving, 


y = 80, B's capital. 


Substituting in (1), 


'+;:.'=^ 


Multiplying by 5, 


5a:-f 4a: = 135 


Uniting terms, 


9a: =135 


Dividing by 9, 


a? = 15, A's capital. 


4. Let 


hx=. side of larger, 


and 


3 a; = side of Bmaller. 


Then 


25 a:^ = contents of larger. 


and 


9 a:^ = contents of smaller. 


Therefore, 


25ar» — 9 ar* = 25600 


Or, 


16ar^ = 25600 


Evolving, 


4a: =160 


Dividing by 4, 


a: = 40 


Squaring, 


a:2=1600 


Whence, 


25 ar^ = 40000, larger. 


Also, 


9a:2=14400, smaUer. 


6. Let 


X = A's investment, 


and 


y z= B's investment 


Then 


loo = ^ ' g^' 


and 


|^^ = B's gain. 


By the conditions. 


-+io1)-ll (1) 


and 


400 = ^^ (2) 


From (2), 


5r*= 14400 



11 
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Evolving, y = 120, B's investment. 

Substituting in (1), X'\-—z=z\\ 

Clearing of fractions, 6 a: -j- 6 a^ = 55 

Uniting terms, H x = 55 

Dividing by 11, a? = 5, A's investment* 

7. Let X = the greater, 

and y = the less. 

Then {x—y)y = 4:2 (1) 

(a?— y)(a:+y) = 133 (2) 

Dividing (2) by (1), ?±y = ^^ = ^ (3) 

Clearing of fractions, 6aj-}"^y = l^y W 

Or, 6a: = 13y (5) 

Whence, * = ^ (6) 

Substituting in (1), 11?? _ ^a = 42 

Clearing of fractions, 13 y* — 6 y* = 252 

Or, 7y« = 252 

Whence, y^ = 36 

Evolving, y = ± 6, the less. 

Substituting in (6), a: = ± 13, the greater. 

8. Let X = no. weeks engaged. 



Then 



76 



— -r = A's rate per week, 



and z = B's rate per week. 

X — 7 ^ 



By the conditions, — ^^ , ^ = — „ 

^ ' X — 4 X — 7- 

aearing of fractions, 75 (a? — 7)^ = 48 (x — 4)^ 

Or, 25(x — 7)«=16(x— 4)« 
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EvolviDg, 5 (x — 7) = 4 (a?— 4) 

Or, 6x — 35 = 4a: — 16 

Transposiog and uniting, a; = 19, whole no. weeks. 

Hence, x — 4 = 15, na weeks A worked. 

And, X — 7 = 12, no. weeks B worked. 

Also, ■ = 5, A's rate per week. 

48 
And, := 4, B's rate per week. 



AFFECTED QUADRATIC EQUATIONS. 
FIRST METHOD OF COMPLETING THE SQUARE. 

(Akts. 276, 277, pp. 206-210.) 

4. Given a:«— 6x + 12 = 4 
Transposing, a^ — 6 a: = — 8 

Completing the square, a:^ — 6a:-j-9 = l 
Evolving, X — 3 = ± 1 

Whence, x = 4, or 2 

5. Given ar»— 8a? + 50 = 98 

Transposing, x^ — 8 a; = 48 

Completing the square, a^ — 8x+16 = 64 

Evolving, X — 4 = ± 8 

Whence, x= 12, or — 4 

6. Given 3a^ — Sx + e = 5^ 

Transposing and dividing by 3, a^ — a: = — J 

Completing the square, s^ — x + :^ = ^ 

Evolving, X — ^ = 2b 6 

Whence, x = J, or f = |, or J 
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7. Given — 3x*4-36a:— 105 = 

Transposing and div. by — 3, 05* — 1 2 a: = — 35 

Completing the square, a^ — 12x-|-36 = l 

Evolving, X — 6 = zb 1 

Whence, x = 7, or 5 



8. Given 

Clearing of fractions, 
Transposing and uniting, 
Dividing by 4, 
Completing the square, 
Evolving, 
Whence, 



86 — X 
4 a: = 46 

X 

4ar»— 36 + x=46a: 
4ar»— 45a? = 36 

a: = iyi,or— f, = 12,or — I 



9. Given 6 a:— 30 = 3 x* 

Transposing, etc, 3a:* — 6aj = — 30 

Dividing by 3, ar* — 2 a: = — 10 

Completing the square, 2^ — 2a:-f-l = — 9 

Evolving, «— l = =tV— 9 = =t3V^^l 

Whence, a: = lzt3V— 1 



10. Given 


I-f+20i = 42f 


Transposing, 


7-1 = 22* 


Multiplying by 2, 


^-i=^ 


Completing the square. 


■ ^-¥+J=T 


Evolving, 


«-i=±¥ 


Whence, 


a; = 7, or — ^ 
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11. Given a;^-|-aa; = J 

a* a* 

Completing the square, a5^-[~^*-l"T = ^4"T 



Evolving, x + l = zt y ft+ J 

Whence, a: = — | ± 0+ J 



13. The given equation reduces to a^-{'^x = ^5, in which 
? = 2, and g = 45 ; hence, 

a: = — 2 ± V45 + 4 = — 2 ± 7 = 5, or — 9. 



14. The given equation reduces to a* — a: = |, in which ^ = 
— J and y = I ; hence, 

15. The given equation reduces toa:^-|~^^ = — ^>^ which 
^ = 3 and q = — 8 ; hence, 

X = — 3 =b V— 8 + 9 = — 3 =b 1 = — 2, or — 4. 

^o i-i- R 3a;— 3 . , 3a: — 6 

16. Given 5x ^=z2x-] ~- 

3x — 3 3x — 6 
Uniting terms, ox —^ = — r — 

Clearing of fractions, Q3i^—lSx—ex-{'Q = 3x^—15x-\'lS 
Ti'ansposing and uniting terms, Bxr^ — 9a:=12 
Dividing by 3, s^ — 3 x = 4 

Hence, x = | ± V4 + | 

Or, ar=|±f 

Whence, a? = 4, or — 1 
11* 
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SECOND METHOD OF COMPLETING THE SQUARE. 

(Art. 278, pp. 210-218.) 

2. Given 30^ = 42 — 5x 

Or, Ssi?-\-5x = 42 

Multiplying by 12, 86 a:" + 60 a: = 504 
Adding 6«, 86a:« + 60a: + 25 = 529 

Evolving, 6a:+ 5 = ± 23 

Whence, 6 a; = 18, or — 28 

Dividing by 6, x = 8, or ' — 4§ 



8. Given V(4 + x) (5— a?) = 2 a? — 10 

Squaring, 20 4-a: — ar» = 4a:«— 40a:+ 100 

Transposing, uniting, etc., 5 a:^ — 41 x = — 80 

Multiplying by 20, 100 ar» — 820 x = — 1600 

Adding 41«, 100 a:" — 820 a! +1681 =81 

Evolving, 10 a: — 41 = zt 9 

Whence, 10 a: = 50, or 32 

Dividing by 10, a? = 5, or 3J 

4. Given ^^1 = 3 

Clearing of fractions, 6ar + 2a: + 2 = 3a:" + 3 x 

Transposing, uniting, etc., 3 a:* — 5 a: = 2 

Multiplying by 12, 36 ar» — 60 a: = 24 
Adding 5«, 36 ar» — 60 a: + 25 = 49 

Evolving, 6a: — 5 = zt 7 

Whence, 6 a: = 12, or — 2 

Dividing by 6, a: = 2, or — J 

5. Given 2a? — 7a: + 3 = 

Multiplying by 8, 16 a:« — 56 x = — 24 
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Adding 7% 16 a:« — 56 x + 49 = 25 
Evolving, 4 05 — 7 = zb 5 

Whence, 4 a: = 12, or 2 

Dividing by 4, x = 8, or ^ 

6. Given acaP — hcx-\-adx=zhd 

Mult hj 4ac, 4a^c^a^ — ^ac(bc — ad)x = ^ahcd 
Adding (he — ad)\ 

Aa^(^a^—4:ac{hc—ad)x^{hc—ad)^=l^<^-{-2ahcd'\-a^d^ 
Evolving, 2acx — {be — arf) = ± (Jc-j-o^ 

Transposing and uniting, 2acx = 26^, or — 2 ad 

Dividing by 2 a c, x= -, or 

7. Given * • 110x« — 21x+l =0 

Multiplying by 440, 48400 x^ — 9240 x = — 440 

Adding 21^ 48400x2— 9240 x+ 441 = 1 

Evolving, 220 X — 21 = zt 1 

Whence, 220 x = 22, or 20 

Dividing by 220, « = ^> or ^^ 

8. Given 125 x« — 7 x = 17J 

Clearing of fractions, 625 x* — 35 x = 86 

Multiplying by 2500, 1562500 x^ — 87500 x = 215000 
Adding 35«, 1562500 x^ — 87500 x+ 1225 = 216225 

Evolving, 1250 x — 35 = =t 465 

Whence, 1250 x = 500, or — 430 

Dividing by 1250, x = f , or — ^ 

9. Given ax* — 26x = c 

Multiplying by a, a^x^ — 2 abx = ac 
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Adding ft», a^x' — 2abx-\-b^ = ac-{rl^ 
Eyolving, ax — 5 = ± Vac-j-^ 

Whence, ax = 6±'^ac+^ 

Dividing bj a, « = -2b -Vac-j-ft* 

TmRD METHOD OP COMPLETING THE SQUARE. 
(Art. 279, pp. 213, 214.) 



1. Given 


4a:«+16a; = 33 


Adding 16, 


4a» + 16x+16 = 49 


Evolving, 


2x + 4 = ±7 


Whence, 


2a:=3, or — 11 


Dividing by 2, 


a; = |,or — V- 


2. Given 


3a:»_|_2a:+6 = ll 


Multiplying by 3, 


etc., 9a:*+6x=15 


/ 6x \a 

^^^"s (2V/9W' 


9ar»-f-6x+l = 16 


Evolving, 


8x.+ l=±4 


Whence, 


8 a; = 3, or — 5 


Dividing by 3, 


X = 1, or — 4 


3. Given 


I6a!«+15x = 34 


Adding (2^-), 16x«+15x + W-^^ 


Evolving, 


4x + V = ±^ 


Whence, 


4x = ^,or — ^=-»it, or— 8 


Dividing by 4, 


x = H,or-2 


4. Given 


9ar« — 12x-* = — 3 


/ 12 \a 


9x-«— 12x-»+4 = l 
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Evolving, 8 ar^ — 2 = ± 1 

Whence, 3a?-i = 3, orl 

Dividing by 3, x""^ = 1, or J 

Hence, a: = 1, or 8 

5. Given (2x-3)(2x-3)^3 

z 

Clearing of fractions, etc, 4a:* — 12ar4-9==8a: 

Or, 4ar« — 20a: = — 9 

(20 \2 

— ^j, 4a« — 20ar + 25 = 16 

Evolving, 2 a: — 5 = zt 4 

Whence, 2a?=9, orl 

Dividing by 2, x= |, or ^ 



6. Given 


9a:* , 80a; 

16 + 8 = ^ 


Adding (^ -4- 2 Va)^ 


9a:» , 80x , 26 9 
16 "*" 8 «" 4 ~ 4 


Evolving, 


4 ~2 ^2 


Whence, 


— = — l,or — 4 


Clearing of fractions. 


3ar = — 4, or — 16 


Dividing by 3, 


a: = -li,or — 5^ 


7. Given 


4a:» , 16ar_ 20 
49 ' 42 3 


Adding(3?,^2VAn 


4a:» , 8x , 4 64 
49 "*■ 2l"r"9~ 9 


Evolving, 


7 ~B ^3 


Whence, 


^=2,or-Jj^ 


Dividing by ^, 


a: = 7, or — llf 
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Promiscuous Examples. 
(Art. 280, pp. 214-217.) 

1. Given a* — x + S = 45 

Transposing and compL square, a? — a: -f" i = ^1^ 
Evolving, X — J = ±-^ 

Whence, a: = 7, or — 6 

2. Given (x— 12) (a:+2) = 

Developing, a:* — 10 a: — 24 = 

Transposing and compL square, a? — 10x4-25 = 49 



Evolving, 




a: — 5 = di7 


Whence, 




X = 12, or — 


3. Given 




2a:»— a: = 21 


Multiplying by 8, 


16a:« — 8a:=168 


Completing the square. 


Ux"- 


-8a:+l = 169 


Evolving, 




4a:— l=dil3 


Whence, 




4a:=14,or — 12 


Dividing by 4, 




a: = }, or — 3 


4> (nrlVPTI 


4 


14— X ^. 


rxm XIXl V Cll 


* x+1— ^* 


Clearing of fractions. 


4a:a-|-4a 


:— 14-j-a:=r4a:+14 


Or, 




4a:« — 9a: = 28 


^^'•"8(2^4)' 


4a:«- 


-9a: + H = W • 


Evolving, 




2a: — f = di^ 


Whence, 




2a: = 8, or — J 


Dividing by 2, 




a: = 4, or — | 


6. Given 




10 14— 2x 22 




X x' — 9 


Clearing of fractions. 


90 a: 


— 126+ 18a: = 22 a:^ 
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Or, 22 0^— 108a: = — 126 

Dividing by 22, ar» — f ^ a; = — f f 
Completing the square, a:^ — f t ^ 4" iH = ^ft: 

Evolving, a; — f 1 = zh A 

Whence, a: = 8, or f ^ 

7. Given x+V5a:+10 = 8 

Transposing, VS 05+10 = 8 — x 

Squaring, 5a:+ 10 = 64 — 16 a: + a:* 

Or, a;2— 21a: = — 64 

Multiplying by 4, 4a:« — 84a; = — 216 

Completing the square, 4 a:* — 84 a: -|- 441 = 225 

Evolving, 2 a: — 21 = =t 15 

Whence, 2 a: = 36, or 6 

Dividing by 2, x = 18, or 3 



8. Given x + VlOa:+6 = 9 
Transposing, VlO a; -j- 6 =: 9 — x 
Squaring, 10a:+6 = 81 — 18a: + a:« 
Or, a:«— 28a; = — 75 
Completing the square, a:* — 28a;-j-196 = 121 
Evolving, X — 14 = It: 11 
Whence, a: = 25, or 3 

9. Given 48 ar2 + 32 ar^ = 11 
Multiplying by 3, 144ar2+ 96ari = 33 
Adding (-4i=Y, 144 ar* -f 96 ari + 16 = 49 

Evolving, 12 ar^ + 4 = rb 7 

Whence, 12 a:"^ = 3, or — 1 1 

Dividing by 12, x-^ = i, or — {^ 

Hence, a: = 4, or — 1^ 
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10. Given 


81a:« — 36a:+4=49 


Or, 


81a:« — 36a: = 45 


^m 


81a:* — 36a:+4 = 49 


Evolving, 


9a: — 2 = zt7 


Whence, 


9a: = 9, or— 5 


Dividing by 9, 


a: = 1, or — f 




4/7 -J 1 <!fi T 


11. Given 


X 


Squaring, 


3^ 5_7^ + 36x 




Multiplying by ar, 


8a:«— 5a: = 7a: + 36 


Or, 


3a:«— 12a: = 36 


Dividing by 3, 


a:«— 4a: = 12 


Completing tiie square, 


a:a_4a:4-4 = 16 


Evolving, 


a:— 2 = ±4 


Whence, 


a: = 6, or — 2 



12. Given ^4.20a: = 3a:2_g() 

Clearing of fractions, a:* -f 100 a: = 15 a:* — 400 

Or, 14 a:* — 100 a: = 400 

Dividing by 2, 7a:* — 50a; = 200 

Multiplying by 7, 49 a:* — 350 x = 1400 

Completing the square, 49 a:* — 350 a; + 625 = 2025 

Evolving, 7 a; _ 25 = ± 45 

Whence, 7 a: = 70, or — 20 

Dividing by 7, . x= 10, or — 2f 

13. Given "^Zll A.'Ltl = 2('^+^\ 

ar+l ' or— 3 V^ — 2/ 
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Reducing the first member to a common denominator, 



x* — 2a:— 3 "" ' 



Or ^+3 _x+2 

' a:«_2a: — 8~a:— 2 

Clearing of fractions, x* — 2x^-\-Sx — 6 = a:* — 7x — 

Or, 2a^—l0x = 

Dividing by 2, a^ — 5 a; = 

Dividing by a:, x — 5 = 

Or, . a: = 

If the square be completed in the usual way, we have 

4a:* — 20a:+25 = 25 
Evolving, 2a: — 5 = ± 5 

Whence, 2a:=10, orO 

Dividing by 2, a: = 5, or 

14. Given ?^-? = l + ? 

2 • a; 3 ' a: 

Clearing of fractions, 3a:*-j-12 = 2a:+18 

Or, 3a:«— 2a:=6 

Multiplying by 3, 9 a:* — 6 a: = 18 

Completing the square, 9a:* — 6a:-|-l = 19 

Evolving, 3a:— l = diVl9 

Whence, 3a:=lz±z\/l9 

n- 'A' u 9 l±Vl9 
Dividing by 3, x = 

o 

15. Given -^ -. = H 

6 — X 7 ^ 

Clearing of fractions, 147 — 5a:-j-ar»'= 115 — 23 a: 
Or, a:* -j- 18 a: = — 32 

Completing the square, a:* + 18 a; + 81 = 49 
Evolving, a: -|- ^ = =t 7 

Whence, a: = — 2, or — 16 

12 
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16. Given a:* — 2aa: + a« — 6« = 
Completing the square, or* — 2ax-\-a^ = li^ 
Evolving, X — a = ± ft 
Whence, x = a±b 

17. Given 6a: — 33z=3a^ 
Transposing, dividing by 3, etc., ar^ — 2x = — 11 
Completing the square, a:* — 2ar-j-lc= — 10 

Evolving, a: — 1 = ± V — 10 

Whence, ar = 1 zb V— 10 

18. Given ,!|, =-+^ + - 

Clearing of fractions, 

abx=:abx-\-lif^x-\-ba?-\-a*x-\-abx-\-aa^-\-a^b-\-ali^'^abx 
Or, (a-|-ft)a:a+(a«+2aft+ft^)a; = — aft(a+ft) 

Dividing by a -j- ft, a:* -j- (a + ft) a; = — aft 

Compl. square, ar + (o + ft) a: + 1 — ^ I = — ' — 

•c* 1 • I a + ft . o — ft 

Evolvmg, * + "2 ~ ^ ~2~ 

Whence, ^^-a_ft±(a_ft) 

Or, x = — ft, or — a 

The first part of the above operation may be abbreviated a . 
little, as follows : 

Transposing, __1__1 = 1 + 1 

Reducing the fractions in each member to a common denominator, 

-(a + b) ^a+b 
(a-\-h'\-x)x ab 

Dividing by a + 6, __=!_ = J_ 

Whence, x^ -{- (a -\- b) x = — ab 
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19. Given ar»— 2aa;+i" = 
Transp. and compl. square, or* — 2ax-\-a^ = a^ — l^ 

Evolving, X — a = it Va^ — ^ 

Whence, a: = a zh Va* — ^ 

20. Given ^^^^ = i 

Clearing of fractions, Sax — Sa^^=Sa^ — 2 ax 

Whence, Sa^—lOax=z — Ba^ 

Multiplying by 8, 64 a:« — 80 a a: = — 24 a* 

Compl. the square, 64 x^ — 80 a a: -}- 25 a' = a^ 
Evolving, 8a: — 5a = ±a 

Whence, 8 a: = 6 a, or 4 a 

Dividing by 8, x = — , or - 

21. Given 6a:+?^^=^ — 44 = 

Clearing of fract, 6a:*+35 — 3a;— 44a; = 

Or, 6a:« — 47a; = — 35 

Multiplying by 24, 144 a:«— 1128a; = —840 

Compl. the square, 144 a:* — 1128 a; + 47* = 1369 

Evolving, 12 a; — 47 = ± 37 

Whence, 12 a; = 84, or 10 

Dividing by 12, a; = 7, or # 

22. Given 3a;=104-Y 

4 

Clearing of fractions, 1 2 a; = 40 + a:^ 

Or, a:*— 12a; = — 40 

Compl. the square, a^ — 12a;+36 = — 4 

Evolving, a; — 6 = ± 2V— 1 

Whence, a; = 6 ± 2 V^^ 
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23. Given |(a:2_3)_^ 

Clearing of fractions, etc, 6a:* — 18 = a: — 3 

Or, 6a^ — x=15 

Dividing by 6, a^ — ^x = ^ 

Completing the square, a? — e * ~l" xi? = ft i 
Evolving, x—^=±\i 

Whence, a: = J, or — | 

24. Given a:*— 4 a a: -j- a'* -|- 5^ = 
Compl. the square, a? — 4aa:-|-4a* = 3a* — ft* 

Evolving, ar — 2a = itV3a* — ft* 

Whence, a: = 2a ± VSa^ — i^ 

25. Given 3 a:— ^+3 = 14 

Clearing of fractions, etc, 12 a: — a:* = 44 

Completing the square, a:* — 12a; + 36 = — 8 

Evolving, a: _ 6 = ± V— 8 

Whence, a: = 6 ± V— 8 

26. Given a:*-j-fta:+ca: = a* — ah-\-ac — be 
Completing the square, 

r^ . . I ft + c , 2a — b4-c 
Evolvmg, X 4 — ^ = it 2"-^ 

Whence, ^ ^ -ft-c^ (2a-ft + c) 

Or, x=za — ft, or — a — c 

27. Given aJ*» + ^ = !^±^^Ili*-_*!f 
Clearing of fract., aftc*a:*-|-3o*ca:= 6a*+aft— 2ft* — ft*ca: 
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Or, ab(^x'-\-(3a^c+l/^c)x=Qa^-{-ab—2l^ 
Multiplying by 4 a 5, 

Completing the square, 

4a«62cV-f4a5c(3a2+52)a:+(3a24^)2 • 

= 9a*+24a«H-10a^6»— 8a5»-f5* 

Evolving, 2abcx-\-3a^-\-b^ = zt(^a^+4:ab—b^) 

Whence, 2abcx = — 3a^—b^±(3a^-\-Aab—b^ 

Or, 2abcx = Aab—2b%OT — (ea^-\-^ab) 

T\' -J- 1. o JL 2a — 6 3a+2b 
Dividing by 2 a 6c, x = , or ^ 

° "^ ac be 

28. Given x^—8x=U 
Cwnpleting the square, si^ — 8a; .+ 16 = 30 

Evolving, x — 4: = zL VSO = zt 5.4772 

Whence, x = 9.4772, or — 1.4772 

29. Given . (7— 4V3)a:2+(2— V3)a:=2 
Dividing by 7 — 4 Vs, x^ + ^""^^- 



X-, 



7 — 4^/3 7— 4v/3 

Or (Arts. 250, 251), a:^ _|_ (2 + VS) x = 2 (7 + 4 VS) 

Completing square, 

:.«+(2+V3).+(^-±V?y = i£±i^ 

Evolving, a: + ^±^ = di|(7 + 4\/3)i 

Or (Art. 265), a:_j_i(2 + V3) = ± |(2 + \/3) 

Whence, a; = 2-fA/3, or— 2(2+V3) 

30. Given — 4— -^ j — = 1 

X — 2a ' x-\-a 

Clear, of fract.,ar»+2aa?+a«+a:2_4^a.^4„2_a^_^a:_2a2 

Or, ar*— aa; = — 7a2 

12* 
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Compl. the square, 7^ — aa:-j-^ = — 

Evolving, 

Whence, a: = ? (1±V— 27) 







PROBLEMS 


EADING 


TO 


AFFECTED QUADRATIC EQUATION 
(Pp. 217-221.) 


2. 


Let 


X :=: one number, 




and 


15 — X = the other. 


Then, 




a:«_j_(15_x)»=117 


Or, 




aJ-l-225 — 30a; + «»= 117 


Whence, 




2iE»_80a; = — 108 


Or, 




««— 15a; = — 54 



CompL the square, a:^ — 15 a: + ^1^ = i 

Evolving, X — J^ = ± f 

Whence, a: =: 9, or 6 

Then 15 — a:=:6, or9 



3. 


Let 






X 


= no. cords 




and 






26 — X 


= no. cords 


Then, 






aJ-J-(26 — x)" 


= 356 


Or, 




»=*+ 


676. 


— 52x4-x» 


= 856 


Whence, 








2x«— 52x 


= — 320 


Or, 








X*— 26x 


= —160 


Compl. the square. 


x»- 


-26X+169 


= 9 


Evolving, 








X— 13 


= ±8 


Whence, 








X 


= 16, or 10 


Then, 








26 — X 


= 10, or 16 
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Let 

and 



X = the number bought^ 
— = cost per head. 



Then, (a? — 3) (^ + 8) = 240 + 59 

Or, (x — 3) (240 + 8 a:) = 299 a: 

Developing, S'a^ + 216 a; — 720 = 299 x 

Or, 8a:« — 83x=720 

Dividing by 8, «« — ^a: = ifa 
CompL the square, 3i^—^x-\- (f J)^ = ^^^ 

Evolving, a; — ft = it W 

Whence, a: = 16, or — r- ^ 

6. Let X = width of frame, 

Then 18 + 2 a: = length of glass inch frame, 

and 1 2 -|- 2 ar = width of glass incl. frame. 



Therefore, (18 + 2 a:) (12 + 2ar) = 2 X 18 X 12 

Developing, 216 + 60 a: + 4 a:^ = 432 

Or, 4a:2+60a: = 216 

Dividing by 4, ar* + 15 a; = ^^ 

Compl. square, ar^ + 1 5 a: + ^| A == i|i 

Evolving, x-\-^= ± V 

Whence, x = 3, or — IB 



7. Let 




a: = cost oft] 


and 




j^,j= the gain, 


Then, 


-+ioo-3» 


Clearing of f5ract, 




ar»+ 100 a: = 3900 


Compl. the square. 


^-\- 


100a;+2500 = 6400 


Evolving, 




a: + 50 = ±80 


Whence, 




X = 30, or - 



130 
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8. Let ar = the larger number, 

and X — 9 = the smaller number. 

Then, (2 a: — 9) a: = 266 

Or, 2a:«— 9a: = 266 

Multiplying by 8, 1 6 a:* — 72 a: = 2128 
Compl. the square, 16 a:*— 72 a; +81 = 2209 

Evolving, 4 a: — 9 = i 47 

Whence, 4a: = 56, or — 38 

Dividing by 4, x=z 14, or — 9J 

Then, a: — 9 = 5, or — 18J 

9. Let X = A's principal, 

and 2600 — x = A'a gain. 

A's gain will be to B's gain as 12a: to 16 X 3000, or as a; to 4000; 

10400000 — 4000 a; ^, 
hence = B s gam. 



rru c c%cii\f\ I 10400000 — 4000 a: ,q^^ 
Therefore, 2600 — x + = 1800 

Or, 2600 a: — a:* + 10400000 — 4000 a: = 1800 a: 

Reducing, ac^ + 3200 x = 1 0400000 

Compl. square, ayS-j- 3200 a:+ (1600)2 = 12960000 

Evolving, jc _j_ 1 600 = ± 3600 

Whence, x = 2000, or — 5200 

10. Let X = no. barrels bought, 

72 
and — = price paid per barrel 

72 72 

By the conditions, — r-7; = 1 

x-\-o X 

Clearing effractions, 72a; = 72a: + 432 — a^—^x 

Or, ar»+6a; = 432 

Compl. the square, a:* + 6 a; + 9 = 441 

Evolving, a: 4- 3 = ± 21 
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11. 



Whence, 
Also, 

Let 
and 

Then 



and 



Therefore, 

Reducing, 

Clearing of fract, 

Or, 

Multiplying by 7, 

CompL square. 

Evolving, 

Whence, 

Dividing by 7, 

Squaring, 



X = 18, or — 24 
3 



— = 4, or 



X = side of the court, 
a:* = area of the court. 



a?+2 _ 



6 



= breadth of walk, 



4a? + 2 _ 



side of court, incl. walk, 



4 x = perimeter of court 



I^+H£±i = 4x + 164- 

7a:^+16a: + 4 = 36a:+1476 
7a:2 — 20 a: z= 1472 
49ar»— 140a: = 10304 
49 a:2_ 1403. ^ lOO = 10404 
7a: — 10= ±102 

7a: = 112, or — 92 
a;= 16, or — 13| 
ar» = 256 



The above solution will involve smaller numbers if a: is used to 
represent the breadth of the walk, and 6 a; — 2 the side of the 
court. This will produce the equation 7 a:^ — 8 a; = 39, from 
which a; = 3. 



-777, = rate of income tax. 
100 



12. Let 

and 10 a: = am't of income tax. 

Then (1000 — 10 a:) (~^ ) = am't of second deduction. 
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Therefore, 1000 — 10 x — ^^°°~f^^*~^^ = 912 

lU • 

Clearing of fractions, 

10000 — 100 a: — 101 a: + 100 + a:« = 9120 
Or, a:*— 201 a: = — 980 

Completing square, a:* — 201 a: + ^J4i = a&|&i 

Evolving, a: — A^ = ± i|J^ 

Whence, x = 196, or 5 

It is evident that 196 per cent, is inadmissible, as that would 
require me to pay nearly twice mj whole income as an income 
tax. 

The above equation may be made to take a simple form bj 
remembering that after the first deduction there is left (100 — x) 
per cent, of $1000, and after the second (101 — x) per cent of 

the previous remainder; hence, ^ = 912, which 

reduces to the same form as before. 

13. Let X = no. hills in breadth, 

and a; 4- 75 = no. hills in length. 

Then, a:* + 75 a: = 6250 
CorapL square, a:« -|- 75 a; + (^^y = i^^A 

Evolving, a: + ^/ = ± l Jt 

Whence, x = 50, or — 125 

Therefore, a: -1- 75 = 1 25, or — 50 

14. Let X = no. persons at first, 

and X — 2 = no. persons afterwards. 

Therefore, = \- 200 

Or, -^ = ^ + 2 

X — 2 X ' 

Clearing of fractions, 63 a: = 63 a: — 126 + 2 a:* — 4a: 
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Or, 


2a? — 4x=zl2Q 


Dividing by 2, 


x'—2x = QS 


Completing square, 


a^—2x-i-l = U 


Evolving, 


ar— 1 = ±8 


Whence, 


a: = 9, or — 7 


15. Let 


a: = no. in front at first. 


and 


a: -[- 6 = no. in depth at first. 


Then 


a:^ 4" ^ ^ = whole no. men. 


and 


a: + 870 = no. in front at last. 


Therefore, 


a:2_^6a; = 4(a:-|-870) 


Or, 


a:« + 2a: = 3480 


» Compl. square, a:^ 


+ 2a;+ 1 = 3481 


Evolving, 


a:-|-l = ±59 


Whence, 


X = 58, or — 60 


Therefore, 


ar»+6a: = 3712 


16. Let 


X = side of smaller, 


and 


a: + 4 = side of larger. 


Then, 


3^-^(x-\-4y = 20S 


Or, 


2a:a^8a.^ie_208 


Transp. and div. by 2, 


a^J{-Ax = 9G 


Completmg square. 


a^^4x-{'4: = l00 


Evolving, 


a;-|-2 = ±10 


Whence, 


a: = 8, or — 12 


Then, 


a:+4=12,or — 8 


Therefore, 


(x-^ 4)>— :^= 144 — 64 = 80 


17. Let 


x = breadth, in rods, 


and 


2 a; = length, in rods. 


Then 


2 ar* = area, in rods. 



Therefore, (2 a; + 20) (a; + 24) = 4 a:^ 
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Developing, 


2a:»+68a: + 480 = 4a:« 


Or, 


2a:«— 68a: = 480 


Dividing by 2, 


a:» — 34a:=240 


CompL square, 


a:«_84a: + 289 = 529 


Evolving, 


a:— 17 = ±23 


Whence, 


a: = 40, or — 6 


Therefore, 


2a:« = 3200 




8200 sq. rods = 20 acres. 


1. Let 


X = width of walk. 


Then 


6 a; — 1 = side of the coc 



18 



(6 a: — 1)* = area of the court, 

and 24 a: — 4 = perimeter of court 

Also (^4 X — 4)a:-}-4a:* = area of walk. 

By the conditions, 28a:* — 4a: = 24a:— 4 + 340 

Or, 28a:*— 28a: = 336 

Dividing by 28, a:* — a: = 1 2 

Compl. square, o^ — a: -|- J = ^ 

Evolving, X — i = ± J 

Whence, a: = 4, or — 3 

Also, (6 a:— 1)* = 529 

This problem may also be solved in the same manner as the 
11th. 

19. Let 2 a: = no. bushels barley, 

and X — 4 = its price per bushel 



Then, 64a:+2a:(a: — 4) = 10(54+2a:)+576 

Or, 54a:+2a:«— 8a:=i540 + 20a: + 676 

Transp. and uniting, 2a:* -1- 26a: = 1116 
Dividing by 2, a:* -{- 13a: = 558 

CompL square, ar^+ 13 a:+ ijA = ^^ 
Evolving, a: + Jj^ = ± ^ 
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' Whence, x = 18, or — 31 

Therefore, 2x = 36 

Also, X — 4 = 14 

14 dimes = $1.40 

20. Let X = side of the smaller, 

and aj-f- 1 = side of the larger. 

Then, ar*+(a?+ 1)^ = 85 

Or, 2a:» + 2a;+l = 85 

Whence, ar*4-a: = 42 

Compl. square, a:^ + a? -|- J = J^J& 

Evolving, « + i = ± ■'s? 

Whence, a: = 6, or — 7 

Also, a; + 1 = 7, or — 6 

6* -5- U = J-fi = no. yards of carpeting required for smaller 
i-oom; ifi X $1.75 = $56.70. 

7* -f- J J = ^^ = no. yards of carpeting required for larger 
room; ^ X $1.75 = $77.17^. 

EQUATIONS IN THE QUADRATIC FORM. 

(Arts. 282-284, pp. 221-228.) 

3. Given a?* + 4a:2 = 117 

Completing the square, a?*4-4a:^ + 4= 121 
Extracting square root, x^ + 2 = ± 11 

Whence, ar* = 9, or — 13 

Extracting square root, a: = ± 3, or ± V — 13 



4. Given 
Completing square, 
Extracting square root, 
13 



ar*— 9 ar^^. 20 = 
a:-*— 9ar2+^ = J 

a:-« — |=±i 
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Wlience, ar* = 5, or 4 

Extracting square root, ar^ = db V5, or db 2 

Therefore, « = ± — , cr ± J 

Or, x=±iVE,or±i 

5. Given a:»« + 31 a:*— 10 = 22 

Multiplying by 4, etc, 4a:^ + 124a:* = 128 
Completing square, 4a:i* + 124a:* + 961 = 1089 

Extracting square root, 2a:* + 31 = db 33 

Whence, 2 aH^ = 2, or — 64 

Dividing by 2, aH^ = 1, or —32 

Extracting fifth root, a; = 1, or — 2 

6. Given 81a:a+a:'«= 82 

Adding 18, 81a:«+ 18 +ar«= 100 
Extracting sq. root, 9x + ar* = itl0 

Multiplying by x, 9a:*+ 1 =.± 10a: 

Or, 9a:*=Fl0a: = — 1 

-^y, 9x«=FlOa.+V = ¥ 
Extracting square root, 3 a; =F f = it f 

Whence, 3x = =t5± | = =t 3,orztJ 

Dividing by 3, a? = it 1> or i J 

The above example may also be solved like the 3d, after multi- 
plying the given equation by a:*. 

7. Given ar»+i^ — 14 = 60 

Or, ^+l^ = U 

Adding 2 («^* (1225 ar"^* «»+ 70 + ^ = 144 

35 
Extracting square root, x-\ = ± 12 



Adding (- 



QUADRATIC EQUATIONS. 147 

Multiplying by a;, a:*+ 35 = ± 12 x 

Or, x2=Fl2x = — 35 

Completing square, 3^^12jc~\-SQ = 1 
Extracting square root, x =F 6 = i 1 

Whence, a; z= ^fc 6 ± 1 

Or, a: = ± 7, or rt 5 

If the given equation be multiplied by a^y it reduces to 
af* — 74ar*= — 1225, which is readily solved like the 3d. 

8. Given a:®-f 20a:*— 10 = 59 
Completing square, a;« + 20 a:* + 1 00 = 1 69 
Extracting square root, a:*-|-10==±13 
Whence, a:* = 3, or — 23 

Extracting cube root, x = V 3, or V — 23 

9. Given 3 ar^» — 2 a:« = 25 
Multiplying by 3, 9 a:^* — 6 a:« = 75 
Completing square, 9a:^* — 6a:"-|-l = 76 
Extracting square root, 3 a:" — 1 = it V76 
Whence, 3a:«=l±2Vl9 

Dividing by 3, a:" = liJz2VT9 

o 

Extracting nth root, x = i/l±^_V^ 

^ 3 

12. Given 3a:* — ^ = — 592 

Clearing of fractions, etc., 5a:^ — 6a:^= 1184 

Multiplying by 5, 25 x^ — 30 a:* = 5920 

Completing square, 25 a;* — 30 a:* -{- 9 = 5929 

Extracting square root, 5x^ — 3 = zb 77 
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Whence, 


5x* = 80,or — 74 


Dividing by 5, 


z*=16, or — V 


Raising to |th power, 


05 = 16^ or (— -y)^ 


Or, 


x = 8,OT\^{—3^y 


13. Given 


a*—x^ = 5e 


Completing squall, 


a:»— a;*+i = ajA 


Extracting square root. 


**-i = ±¥ 


Whence, 


a;* = 8, or — 7 


Raising to |<i power. 


X = 8*, or (— 7)^ 


Or, 


X = 4, or V49 


14. Given 


af—2a3^ = b 


Completing square, 


• 


Extracting square root, 


a:2— a = itVa2 + i 


Whence, 




Raising to ^th power. 


a:=(azfcVa2 + ^)i 


15. Given 


V3?—2Vx—x = 0Vx 


Dividing by Vx, 


X — 2 — \/i=0 


Or, 


x—x^ = 2 


Completing square, 


x-x^ + i = i 


Extracting square root, 


a:*-i = =tf 


Whence, 


a:^z=2, or— 1 


Squaring, 


a: = 4, or 1 
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16. Given 




Clearing of fractions, 


2x-\-2Vx=U — x 


.Or, 


3a;-f 2Vi=16 


Multiplying by 3, 


9a;+6x*^=48 


Completing square, 


9a; + 6x*+l=49 


Extracting square root. 


8a:* + l = ±7 


Whence, 


3 x*^ = 6, or — 8 


Dividing by 3, 


x* = 2,or— 1 


Squaring, 


a: = 4, or ^ 


17. Given 


x* + a;* = 756 


Completing square. 


x^4-a:* + J = ai^ 


Extracting square root, 


x* + i = ±¥ 


Whence, 


«* = 27, or — 28 


Eaising to f d power, 


x = 27^, or (—28) 


Or, 


x = 243, or— 28* 




'f 2 , 


1 R r^-i vpn 


5 1 


X%J» \^xwu 


x — 6 20 


Multiplying bj 5, 


X — 5 4 



Clearing of fractions, 1 2 Vx — 40 = x — 5 

Or, x— 12Va; = — 35 

Completing square, x — 12 Vi -;|- 36 = 1 

Extracting square root, Vx — 6 = ± 1 

13* 
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Whence, Vi = 7, or 5 

Squaring, x = 49, or 25 

22. Given a:+16 — 7 Va: + 16 = 10 — 4^/a^iT6 
Or, x+16 — 8Va: + 16 = 10 

Compl. square, (ar+16) —3 (a;+16)i+| = ^ 

Extracting sq. root, (ar+ 16)^— | = ± } 

Whence, (a:+ 16)* = 5, or — 2 

Squaring, a: + 16 = 25, or 4 

Whence, x = 9, or — 12 

The above equation may also be solved like the 7th, Art 280. 

23. Given 9a;+Vl6x«+36a!»= 15 ar» — 4 
Or, 4+9a:+2a:(4 + 9a:)*= 15a:* 
Compl. square, (4+9a;)+2a;(4+9a:)*+a:*= 16ar» 
Extracting sq. root, (4-f-9a:)*4"^ = ±^^ 
Whence, (4+ 9 a;)* = 3 x, or— 5a: 
Squarmg, 4 + 9a: = 9a:*, or25a:' 

From the positive root. 

Transposing, etc., 9 a:* — 9 a: = 4 

Multiplying by 4, 36 ar*— 36 a: = 16 

Adding (-^Y, 36ar»— 36a: + 9 = 25 

Evolving, 6a; — 3 = di 5 

Whence, 6x = 8, or — 2 

Dividing by 6, a; = |, or — ^ 
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From the negative root. 
Transposing, etc., 25 a* — « = 4 

Evolving, 5 a;— -flrssi^^ 

Whence, 5x = ?±^i!I 

10 

Dividing bj 5, x = !±\^ 

24. Given ai'(a:«-4)-«+^ = ?^ 
Multiplying by (a?— 4)» a:* + 6 («»— 4) = '" 25:7^^' 

Or, 7a--24 = ?^if^ 

Clearing of fractions, etc., 

17oa?*— 600 ar» = 351 ar* — 2808 ar»+5616 
Or, 176 a?* — 2208 a:« = — 5616 

Dividing by 16, 11a?* — 138 «« = — 351 

Dividing by 11, ar*— J^a:« = — ^ 

CompL square, a?* — JjftS- ar* + ^^ = f Jf 

Extracting sq. root, x^ — f f = ± f f 

Whence, ar* = 9, or }f 

Evolving, a; = -j_ 3, or it Vff 

Or, a: = ± 3, or ± T^ Vi29 

25. Given a:* + 2aa:*4-5a«a:a + 4a«a: = rf 
Or, (ar»4-aa:)2+4a2(a:a_[_aa:) = rf 
Compl. square, (a:*4"^^)^+^"^(^+<'^) +^^ = ^«*+^ 
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Extracting sq. root, a:*-f"^^+2^* = =t^^"*+^ 
Transp. and mult, by 4, 4a:«+4aa; = — 8a«it4V4a*+rf 
Compl. square, 4a:^+ 4 aa:-j- a^ = — 7 a^i 4 V4o*-f-rf 
Evolving, 2 a; + a = zfc V^— 7a2zb4^4a*=F3 

Whence, 2 x = — a zfc V— 7o*=fc4\^4a*+df 

Or, at = — 1± ^ V^— 7a«±4^4^Cp 

26. Given x*— 8 ar»+ 19 a:— 12 = 
Multiplying by x^ a?*— 8a:*+19ar*— 12x = 
Or, (aJ_4a;)2+3 (ar»— 4a:) = 
CompL square, (a:^— 4x)2-{-3 (ar»— 4a:) +| = f 
Extract square root, a:!^ — 4a: + | = ifc| 
Whence, 3^ — 4a; = 0, or — 3 

From the positive root 
Transposing, ar* = 4 a; 

Dividing by a:, a: = 4 

From the negative root 
Completing the square, si? — 4x-}-4 = 1 
Evolving, X — 2 = ± 1 

Whence, a: = 3, or 1 

27. Given 2ar»+3a?— 5 V2a:2+3a;+9 = — 3 

Adding 9, (2a:«+3x+9)-.5(2a:a+3a:+9)*=6 

CompL sq., (2a:«+3a:+9)— 5(2ar»+3x+9)*+^ = ^ 

Ext. sq. root, (2 a:2+ 3 a:+ 9)^— J = =fc J 

Whence, {27?-\-^x-\- 9)* = 6, or — 1 

Squaring, 2a:^+3a;+9 = 36, or 1 
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Or, 2x^-\-Sx = 27,OT — S 

Mult, by 8, 163:3 + 24a; = 216, or — 64 

Compl. square, 16x3+24a:+9 = 225, or — 55 

Evolving, 4a;+3 = ± 15, or ± V— 55 

Whence, 4a:= 12,or — 18,or — 3±V— 55 

Dividing by 4, x = 3, or — |, or —^±^—^^ 

4 

28. Given V(l +3:)"— v'l— ar" = V(l — x)« 

Dividing by V(l-x)«, (i±^)s _ ([±|)'» = 1 

CompL square, (i±|)^ _ (i±f )s + i = ^ 

Extract, square root, Iy^t)^ — 5 = =t i ^^ 
Whence, (i±|)^ = l±V5 

Raising to mth power, — ' — = I — 5-^1 

Clearing of fract., 2'" + 2"» ar = (1 ± Vs)"*— x (1 =t V5)« 

Transp., etc., [(1 =b V5)"»+2«]a: = (1 zb V5"» — 2^ 
Whence. :,= ^l±i!p=P 

SIMULTANEOUS EQUATIONS INVOLVING 
QUADRATICS. 

CASE L 

(Art. 287, pp. 229, 230.) 

2. Given |2^+-^-5i^ = 20 (1) 

\ 2a;— 3y = 1 (2) 

From (2), a: = ?i^^ (3) 
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Substituting (3) in (1), 


9/+6y+l_^8y.+y 5^_20 


Clearing of fractions, 


V+6y4-i+3y*+y— I0y« = 40 


Uniting terms, 


2y»+7y=39 


Dividing by 2, 


»*+Jy = ¥ 


Completing the square. 


y*+iy+« = W 


Evolving, 


y+J = ±^ 


Whence, 


y = 3, or — 6i 


Substituting in (8), 


z = 5, or — 9i 


3. Given 


('+i-"t' (■) 


Clearing (1) of fractions, 


3a:+l = 2a:+y (3) 


Or, 


y = «+l (4) 


Clearing (2) of fractions. 


2x-\-2!/ = Ax>—xy (5) 


Or, 


43? — xy — 2x=2y (6) 


Substituting (4) in (6), 


iar"— ar"— a:— 2a; = 2a:4-2 


Or, 


Sar"— 5a:=2 


Dividing by 3, 


3?-%X=% 


Completing the square, 


a^-f« + M = « 


Evolving, 


x-i = ±i 


Whence, 


a:=2,or — J 


Substituting in (4), 


y = 8,or| 




CASE n. 


(Art. 


288, pp. 280, 231.) 


2. Given 


3y«— a^ = 39 (1) 
ar»+4a:y=256 — 4y (2) 


Let 


y — vx (3) 


Substituting in (1), 


Si^ar" — «»=:3? (4) 
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Substituting in (2), 
From (4), 

From (5), 

Hence, 

Clearing of fract, 

Or, 

Dividing by 612, 

Compl. square, 

Evolving, 

Whence, 

Substituting in (6), 

Evolving, 

Substituting in (3), 

Or, 

3. Given 



39 



x'zzz 



7^=: 



256 



89 



256 



(5) 
(6) 

(7) 



So*— 1 "'4i;« + 4r+l 
156 1;2^ 15(5 ^ ^ 39 = 768 1;^ _ 256 

612i72_156v = 295 

v^ — Viv = m 

r = 5, or — T^ 
x" = 36, or 10404 
a: = ± 6, or zfc 102 

y = #(±6),or-^j(±102) 

y = zfc 5, or q= 59 



i2a 
\3j 



I 2«« + 3a:y=26 
f^2xy = S9 



FIRST SOLUTION 

Dividing (1) by (2), 

Or, 

Whence, 



x(ix+3y) 26 

3,(2i+3y)~"S9 
'x_2 

Sx 



(1) 

(2) 



(3) 
(4) 
(5) 



Substituting in (1), 

Whence, 
Dividing by 13, 
Evolving, 
Substituting in (5), 



2ar» + ^ = 26 

13ar» = 52 
a:2 = 4 
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SECOND SOLUTION. 

Let * y = r a: (3) 

Substituting in (1), 2ar» + 3t;ar* = 26 (4) 

Substituting in (2), 3v^a^-{-2va^ = B9 (5) 

From (4), - »=* = 2--f^. <«) 



Hence, 
Or, 



26 39 



2 + 3!; 3u' + 2v 
2 3 



3i;4-2 3i;*+2!; 
Clearing of fractions, 6r*-}"4t; = 9t;-|-6 

Or, ev^ — 5v=e 

Div. by 6 and compl. sq., v^ — #«^+t% = iff 
Evolving, t? — T^ = zb il 

Whence, v = f , or — f 

Substituting in (6), x^ = 4, or oo 

Evolving, a;= zb 2, or it 00 

Substituting in (3), y = ± 3, or ^ oo 

The above equations maj also be solved bj finding the value of 
X, in terms of y, in (2) and substituting that value in (1). After 
developing the various expressions, clearing of fractions, and re- 
ducing, it will be found that y* disappears from the equation, and 
thus it becomes a pure quadratic, in which y^ = 9. 

4. Given l^+^^t'l^' ^'^ 

) 3a» + 8y'=14 (2) 

Let yz=vx (3) 

Substituting in (1), 9?-\-va?-\- 4tr'a:» = 6 (4) 

Substituting in (2), 3 «« + 8 p" ar" = 1 4 (5) 
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From (5), **=S^ (^> 



Hence, 



Or, 



14 _ 6 

7 8 



Clearing of fract., 7 + 7t;4-28t;a = 9 + 24t;« 

Or, 4t;« + 7t; = 2 

Dividing by 4, v^^lv = i 

Compl. the square, ^* + i ^ + Ji = f i 

Evolving, t; + |=±| 

Whence, v = ^, or — 2 

Substituting in (7), x^ = 4, or J 

Evolving, a; = ± 2, or ± J VlO 

Substituting in (3), y = =t i, or q= f VlO 

CASE IIL 
(Arts. 289, 290, pp. 231-235.) 



5. Given 


ja:3 + y3 = 35 (1) 
\x-\-y=5 (2) 




Dividing (1) by (2), 


x^-xy + y' = 7 (3) 


Squaring (2), 


^_^2xy-]-f=25 (4) 


Subtracting (3) from (4), 


3a:y=18 (5) 


Whence, 


xy = e (6) 


Subtracting (6) from (3), 


x^-2xy-\-f==l (7) 


Extr. square root of (7), 


x — y=±l (8) 


Equation (2), 


x + y = 5 


Adding (2) and (8), 


2 x = 6, or 4 


Subtracting (8) from (2), 


2 y = 4, or 6 


Whence, 


a; = 3, or 2 


Also, 


3^ = 2, or 3 


14 
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6. Given j - ■ cr 20 (1) 






12 (2) 



Adding (1) and (2), 


2 a:* = 32 




Whence, 


a;»=16 




Evolving, 


x=±4 




Subtracting (2) from (1), 


2y» = 8 




Whence, 


y» = 4 




Evolving, 


y = ±2 




7. Given 


5x+xM+y=i9 


(1) 




I a^ + a.y-|-y»=l33 


(2) 


Dividing (2) by (I), 


as— a;*y* + y = 7 


(3) 


Adding (1) and (3), 


2x + 2y=26 


(4) 


Or, 


ar + y = 13 


(5) 


Squaring (5), 


*» + 2xy + y»=169 


(6) 


Subtracting (2) from (6), 


xy = 86 


(7) 


Multiplying by 4, 


4a:y=144 


(8) 


Subtracting (8) from (6), 


a:»_2ary+y«=25 


(9) 


Extract sq. root of (9), 


a:— y = -±:6 


(10) 


Adding (5) and (10), 


2a; = 18, or 8 


Subtracting (10) from (5), 


2y = 8, or 


18 


Whence, 


at = 9, or 


4 


Also, 


y = 4,or 


9 


8. Given 


f x+ y=9 


0) 

(2) 


Subs. V for V^and 


f«;» + ^ = 9 
\v +z =3 


(3) , 


«for\^ 


(4) 


Dividing (3) by (4), 


t>«_»z-j-zS=3 


(5) 


Squaring (4), 


,;a_|_2t>z + z» = 9 


(6) 



Subtracting (5) from (6), 3 1? « = 6 (7) 
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-Whence, vz=:2 (8) 

Subtracting (8) from (5), v^ — 2vz-\-2^=zl (9) 

Extracting sq. root of (9), v — «f = ±l (10) 

Adding (4) and (10), 2 v = 4, or 2 

Whence, aj^ = v = 2, or 1 
Cubing, a; = 8, or 1 

Subtracting (10) £pom (4), 2 « = 2, or 4 

Whence, yS = 2 = 1, or 2 
Cubing, y = 1, or 8 ^ 

9. Given (^+S^+x+.= 18 (I) 

( xy=^ (2) 

Multiplying (2) by 2, 2xy= 12 (3) 

Adding (1) and (3), (x+yY^ (x+y) = 30 (4) 

Compl. square, (a:+y)^+ (a;+y) +i = H^ (5) 

Extr. sq. root, a;+y-f J = zfc V^ (6) 

Whence, a: + y = 5, or — 6 (7) 

Squaring (7), ar» + 2 a; y + y* = 25, or 36 (8) 

Subtract, (2) X 4 from (8), x^ — 2a:y +y2 = 1, or 12 (9) 

Extracting sq. root of (9), a; — y = ± 1, or ± 2 >/3 (10) 

Adding (7) and (10), 2a: = 6, or 4, or — 6 =t 2 Vs 

Subtracting (10) from (7), 2 y = 4, or 6, or — 6 =F 2 VS 

Whence, a; = 3, or 2, or — 3 zfc Vs 

Also, y = 2, or 3, or — 3 =F V3 



10. Given 



i: 



x> + t/^ — x — f, = 18 (1) 

»y+»+y = i9 (2) 

Mult, (2) by 2, 2a;y + 2 (a:+y) = 38 (3) 

Adding (1) and (3), (x + y)« + (x + y) = 56 (4) 

Completing the square, (« + y)* + (a: + y ) + i = ^* (5) 
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Extracting square root, « + y + 4 = =t^ (^) 

Whence, x + y = 7, or — 8 (7) 

Subtracting (7) from (2), xy = 12, or 27 (8) 

Squaring (7), «»+ 2xy+f = ^9, or 64 (9) 

Subtr. (8) X 4 from (9), a^—2 xy+f = 1, or — 44 (10) 

Extr. square root of (10), x — y=±l,orzb2 V— 11 (11) 

Adding (7) and (11), 2 x = 8, or 6, or — 8 ± 2 V— 11 

Subtracting (11) from (7), 2y = 6, or 8, or — 8 =F 2V— 11 

V / 

Whence, x = 4, or 3, or — 4 ± V — 11 

Also, y == 3, or 4, or — 4 =T^ V — 11 

\ f + Sy + x = U (2) 

Adding (1) and (2), a:»+^ + 4x + 4y = 117 — 2xy (3) 

Or, (x + y)» + 4(x+y) = 117 (4) 

Compl. square, (x+y)«+ 4 (x+y) + 4 = 121 (5) 

Extr. square root, «+y + 2 = rbll (0) 

Whence, x + y = 9, or — 13 (7) 

From (7), x= 9— y,or — 13— y (8) 
Substituting (8) in (2), y» + 2y = 35, or 57 
Completing square, y^-j- 2y-j- 1 = 36, or 58 
Evolving, y + 1 = d= 6, or zb V58 
Whence, y = 5, or — 7, or — 1 zb V58 

Substituting in (8), x = 4, or 16, or — 12 ^ V58 

Promiscuous Examples. 
(Art. 291, pp. 236, 237.) 

t r^' fx— y=3 (1) 

1. Given ) ^ V ^ 



|x«+y2=117 (2) 
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Squaring (1), 


^-2, 


^y+y* = 9 


(3) 


Subtracting (3) from (2), 




2a;y=108 


(4) 


Adding (4) and (2), 


x^+2 


xy-^f=nb 


(5) 


Extr. square root of (5), 




a:+y = ±15 


(6) 


Adding (1) and (6), 




2a;=18, or. 


— 12 


Subtracting (1) from (6) 




2y=12, or 


— 18 


Whence, 




X := 9, or — 


-6 


Also, 




y = 6, or - 


-9 


2. Given 


(! 


{x-y) = 11 
a;y = 20 


(1) 
(2) 


Dividing (1) by 2, 




x-y = ^ 


(3) 


Squaring (3), 


a? — 2 


a:y+y» = i|l 


(4) 


Adding (2) X 4 and (4), 


a:«+2 


a;y+y« = 4|i 


(5) 


Extract square root of (5), 




a: + y = zfc^ 


(6) 


Adding (3) and (6), 




2a:=16, or 


— 5 


Subtracting (3) from (6), 




2y = 5,or- 


-16 


Whence, 




X = 8, or - 


-2i 


Also, 




y=2i,or 


— 8 


3. Given 


{ 


x—y =2 
«»— y»=98 


(1) 
(2) 


Dividing (2) by (1), 


«»4-x 


:y+y» = 49 


(3) 


Squaring (1), 


«*— 2* 


y + y« = 4 


(4) 


Subtracting (4) from (3), 




3a:y = 45 


(5) 


Or, 




xy=15 


(6) 


Adding (6) and (3), 


a^ + 2a 


;y4-y« = 64 


(7) 


Extr. sq. root of (7), 




x-\-y = ±B 


(8) 


Adding (1) and (8), 




2a:=10, or- 


-6 


Subtracting (1) from (8), 




2y=6,o^— 


10 


Whence, 




a; = 5, or — 


3 


Also, 




y = 3, or — 


6 


14* 
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,4. Given 

From (2), 

Subst (3) in (1), 

Or, 

Dividing by 3, 

CompL square, 

Involving, 

Whence, 

Substituting in (3), 



ri0a:+y = 3xy (1) 

1 y-^ = 2 (2) 

y = x + 2 (3) 
10a: + a: + 2 = 3ar»+6a: 
3a:«— 5a:=2 

^—4^ = 1 
x—i=±i 

x = 2,or— ^ 
y = 4, or f 



6. Given 



ix' + xy = S4: (1) 

Uy+y^=6Q (2) 

Adding (1) and (2), s^ + 2xft+i/^= lU (3) 

Extracting sq. root of (3), a: -j- y = rt 12 (4) 

Dividing (1) by (4), a: = ± 7 

Dividing (2) by (4), y = ±5 



6. Given 

Squaring (1), 
Adding (2) and (3), 
Subtracting (2) from (3), 
Dividing (4) by 2, 
Dividing (5) by 2, 
Whence, 
Also, 



rV^qr^=10 (1) 
( ar»— y» = 28 (2) 

ar» + 5^ =100 (3) 
2a:2=i28 (4) 
25^ = 72 (5) 

ar»= 64 
y' = 36 
x = =t8 

y = zb6 



7. Given 

Squaring (1), 
Subtr. (2) from (3), 



jx^y +a:y2^3o 
)a?V + a:^y* = 468 



XI) 

(2) 

ar*y»+2a:V+^y* = 900 (3) 

2a:»y» = 432 (4) 
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Whence, 


x«y« = 216 (5) 


Extr. cube root of (5), 


xy = ^ (6) 


Dividing (1) by (6), 


:.+y = 5 (7) 


Squaring (7), 


a:2 + 2a:y+y» = 25 (8) 


Subtracting (6) X 4 from (8), 


, a:^ — 2a:y+y«=l (9) 


Extr. sq. root of (9), 


x— y = ±l (10) 


Adding (7) and (10), 


2a;=6, or4 


Subtracting (10) from (7), 


2y = 4, or6 


Whence, 


a; = 3, or 2 


Also, 


y = 2, or 3 


8. Given 


ja:«+y« = 25 (1) 
\ 2x^ = 24 (2) 


Adding (1) and (2), x^- 


f2a:y+y« = 49 (3) 


Subtracting (2) from (1), o^- 


-2x^+2^=1 (4) 


Extr. sq. root of (3), 


a:+3^ = ±7 (5) 


Extr. sq. root of (4), 


x— y = ±l (6) 


Adding (5) and (6), 


2x = ±8,orzb6 


Subtracting (6) from (5), 


2y = ±6,orzb8 


Whence, 


a: = ±4,orzb3 


Also, 


y = ±3,ordb4 




S -+-=i a) 


9. Given 


X ' y 2 




.««y+xy»=162 (2) 


From (1), 


x+y = ixy (3) 


Dividing (2) by (3), 




Clearing (4) of fractionis, 


a^y« = 324 (5) 


Extr. square root, 


a:y = ±18 (6) 


Substituting (6) in (3), 


a: + y = ±9 (7) 


Squaring (7), 


a;^ + 2a:y+y = 81 (8) 



Subtracting (6) X 4 from (8), a:^ — 2 a;y +/ = 9, or 1 53 (9) 
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Extr. square root of (9), x— y = ±3, or zb 3VT7 (10) 

Equation (7), a:+y = 9, or — 9 

Adding (7) and (10), 2 a; = 12, or 6, or — 9 i 3 Vi7 

Subtracting (10) from (7), 2y = 6, or 12, or — 9 =F 3 Vl7 

Whence, a: = 6, or 3, or f (— 3 i Vl7) 

Also, y = 3, or 6, or J (—3 =F Vl7) 



10. Given 




' z_ 

X' 


-y ' x-\-y 3 


(1) 
(2) 


Clearing (1) offract. 


3 («+y)'+3 {x—yy = 10 {x' 


-jO (3) 


Or, 






6a:»+6y» = 10ar'- 


-lOf (4) 


Transp. and uniting terms in 


w. 


16y« = 4a:» 


(5) 


Whence, 






_a:»+4y« = 


(6) 


Adding (2) and (6), 






5y» = 45 




Dividing by 5, 






f=9 




Evolving, 






y = ±3 




Substituting in (6), 






ar' = 36 




Evolving, 






a; = ± 6 




11. Given 






fa:«4-y»=fxy 


(1) 








(2) 


Squaring (2), 




*«- 


.2xy+f = ^ 


(3) 


From (1), 




x'- 


-fa;y+y» = 


(4) 


Subtracting (4) from (3), 




(5) 


Or, 






8a:y = a:*y* 


(6) 


Dividing hj xy^ 






a;y = 8 


(7) 


Substituting (7) i 


n(2), 




ar— y=2 


(8) 


Squaring (8), 




a^- 


-2xy-\-f=4: 


(9) 


Adding (7)X 4 and (9), 


a^+2xy-\-y' = 36 


(10) 
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Extr. sq. root of (10), 
Adding (8) and (10), 
Subtracting (8) from 
Whence, 
Also, 


(10), 


a:+y = ±6 (11) 

2a; = 8, or — 4 

2y = 4, or— 8 

X = 4, or — 2 

y = 2, or — 4 


12. Given 

Squaring (1), 
Subtracting (2) from (3), 
Subtracting (4) from (2), 


x'- 


fx4-y=o (1) 
)a»^f=b (2) 

-2xy+y» = a» (3) 
2xy = o''— J (4) 

.2xy+y» = 2J— a« (5) 


Extract, eq. root of (5), 


X— y = ±V26— a« (6) 


Adding (1) and (6), 




2x = azbV26— o* 


Subtracting (6) from (1), 


2y=a=FV'26— a« 


Whence, 


x = ia±:i^/2b—a' 


Also, 


y = iaTiV2A— a" 


13. Given 
From (2), 




f.3x«— 2xy=15 (1) 
1 2x + 3y=12 (2) 

y-V^(3) 


Substituting (3) in (1), 

Whence, 

Multiplying by 13, 

Completing square, 1 

Evolving, 

Whence, 

Dividing by 13, 

Substituting in (3), 


3^. 24x— 4a? — ^^ ^^^ 


69 ar"- 


3 -" ^'^ 
13x» — 24x = 45 
legx"— 312x = 585 
-312x+144 = 729 
13x— 12 = ±27 

13 x = 39, or — 15 
X = 3, or — 1-ft 
y = 2, or 4\% 
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. ^. f6a?+2y» = 5xy+12 


0) 
(2) 


Let 


y = vx 


(3) 


Substituting in (1), 6 


a^+2v'!c' = 5v!i?-{-l2 


(4) 


Substituting in (2), S 


)va*-{-3a^ = Sv^x'—S 


(5) 


From (4), 


X*- '^ 


(6) 


2»« — 6v+6 


Frcan (5), 


x«- ' 


C7) 


8o» — 20 — 3 


Hence, 


4 1 




2»»_6o+6 3»« — 2» — 3 




Clear, of fract., 12*' 


— 8»— 12 = 2t;«— 5t7 + 6 




Whence, 


lOtT*— 3» = 18 




Dividing by 10, 


«^-A'' = H 




Completing square, v* — 


A«' + T*ir = 4M 




Evolving, 


v-^ = ±U 




Whence, 


» = 1, or — f 




Substituting in (6), 


a:» = 4,or§f 




Evolving, 


a; = ±2,or±^V3l 


Substituting in (3), 


y = ±3,or=FjPrV3T 




xz = y» (1) 


15. Given 


(a,+y)(2_a;_y)=3 


(2) 




(x-\-y+z)(z—x—y) = 7 


(3) 


Dividing (2) by (3), 


x+y _3 


(4) 


Clearing of fractions. 


7a:+7y=3a;+3y+3« 


(5) 


Whence, 


4a;+4y = 3» 


(6) 


Or, 


x-{-y = — 


(7) 


Substituting in (2), 




(8) 


Whence, 


3z» = 48 


(9) 
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Dividing by 3, 
Evolving, 




z^=lQ (10) 
z = ±:4. (11) 


Substituting (11) in (1), 




' x = £-^ (12) 


Developing (3), 
Substituting (11) in (13), 
Or, 
Evolving, 




^-(^+y)^ = 7 (13) 

16-(a:+y)» = 7 (14) 

(x+yy = d (15) 

x+y = ±3 (16) 


Substituting (12) in (16), 




^+y = =lr3 (17) 


Clearing of fractions. 
Completing square. 
Evolving, 
Whence, 
Substituting in (16), 




y^=lr4y = d=12 
5^^4^ + 4 = 16, or— 8 
y=b2 = zlr4,etc. 
y = =b2,or±6 
a: = ±l,or=F9 


When y = 6, then a: = — 9, and when y = — 6, a: = 9, that 
is, the values of x and y must have opposite signs, and it makes no 
difference whether we write x — ±9 and y — =f: 6, or z = ^ 9 
and y = i 6. 


PROBLEMS 


LEADING TO QUADRATIC EQUATIONS. 


(Pp. 


237-240.) 


1. Let 
and 
Then 
and 
Squaring (1), 
Subtracting (2) X 2 from 
Extracting square root of 
Adding (1) and (5), 


(3), 
(4), 


X = A's money, 
y = B's money. 
a:+y=18 (1) 
2 a:y= 154 (2) 
a?+2xy-\-f = S24: (3) 
^—2xy+f=16 (4) 
X— y = ±4 (5) 
2aj = 22,orl4 
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Subtracting (5) from (1) 


, 2y=14, or22 


Whence, 






«= 11, or? 


Also, 






y = 7, or 11 


2. Let 






a: = the greater, 


and 






y = the less. 


Then 


x-y = 5 (1) 


and 






K«+y=193 (2) 


Squaring (1), 


a:«- 


.2xy+»» = 25 (3) 


Multiplying (2) by 2, 






2a:»+2y» = 386 (4) 


Subtracting (3) from 


(4), 


^-h 


.2xy+y« = 361 (5) 


Extracting sq. root ol 


'(5), 




x-\-!) = ±19 (6) 


Adding (1) and (6), 






2x=24,or — 14 


Subtracting (1) from 


(6), 




2y=14,or— 24 


Whence, 






a; = 12, or — 7 


Also, 






y = 7, or — 12 


3. Let 






X = side of A's, 


and 






y = side of B's. 


Then, 


4a;+4y = 200 (1) 


and 






a^4-y'' = 1300 (2) 


Dividing (1) by 4, 






x + y = 50 (3) 


Squaring (3), 




a^+2xy+f=2500 (4) 


Multiplying (2) by 2, 






2 a?+ 2^=2600 (5) 


Subtracting (4) from 


(5), 


a:«- 


-2a:y4-y»=100 (6) 


Extracting sq. root of 


(6), 




«— y = d=iO (7) 


Adding (3) and (7), 






2a:=60, or 40 


Subtracting (7) from 


(3), 




2y = 40, or60 


Whence, 
Also, 






X = 30, or 20 
y = 20, or 80 



$2i X 20^ = $ 900 ; $ 2i X 302 = j2025 



QUADRATIC EQUATIONS. 169 

^* I*®^ X = the larger number, 

^d y = the smaller number. 

Then xy = n (l) 

and a:^--y^;(a: — y)g :: 9 : 2 (2) 

From (2), 2 (a:*— y^) = 9 {x—yY (3) 

Dividing (3) by x—y, 2 (a? + y) == 9 (a:— y) (4) 

From (4), 7a._lly ^5j 



(6) 



Or, - , = liS( 

Substituting in (1), Hj^ == 77 

Dividing by Vj y^ = 49 

Evolving, y = i- 7 

Substituting in (6), x = zb H 

^' I^et X = A's age, 

and y = B's age. 

Then xy = 750 (1) 

and (g— 2)(y+7) = 851 (2) 

From (2), xy + 7a; — 2y = 865 (3) 

From(l), x='-^ (4) 

y ^ ^ 

Substituting (4) in (3), 750 + ^ — 2y = 865 (5) 

n^ 5250- ^ , ^ 

Or, 2y=115 

y ^ 

Whence, 2 y^ -f H 5 y = 5250 

Dividing by 2, ^a _^ j^p^ _ 2625 

Completing square, y^ -|- 3 JiLy _|_ (1^XL)2 ::^ &.St^jL 

Evolving, y _|_ 1^5 3-. _^ .a|i 

Whence, y — 30, or — 87 J 

Substituting in (4), x = 25, or — 8^ 
15 
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6. Let 


a: = its length. 


and 


y = its breadth. 


Then 


2 a: -j- 2y = its perimeter, 


and 14a?4- 14y + 7^ X 4 = area of walk. 


Therefore, 


a:y= 15000 (1) 


Also, 14 ar+14y-f 196 = 3696 (2) 


From (2), 


x + y = 250 (3) 


Squaring (3), 


a:«-f2ary+y» = 62500 (4) 


Subtract (1) X 4 from (4), 


«»— 2ary+5^ = 2500 (5) 


Extracting sq. root of (5), 


x — y = ±50 (6) 


Adding (3) and (6), 


2x = 300, or 200 


Subtracting (6) from (8), 


2y=200,or300 


Whence, 


0?= 150, or 100 


Also, 


y = 100, or 150 


7. Let 


X = the greater, 


and 


y = the less. 


Then, 


(x-y)y = 42 (1) 


and (a 


'-y) (^+y) = 133 (2) 


Dividing (2) by (1), 


•|'='^ w 


Or, 


6a:=13y (4) 


Whence, 


'=7 w 


Substituting (5) in (1), 


^^^ ^ 40 


6 r — 4i 


Whence, 


7y»=252 


Dividing by 7, 


y' = 36 


Evolving, 


y = ±6 


Substituting in (5), 


a: = ±13 


8. Let 


X = price of a ducky 


and 


y = price of a turkey. 
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Then, 


10a:+12y = 22i 0) 


and 


1-1=' (^) 


Clearing (2) of fractions, 6y — 5a; = 4a?y (3) 


From (1), 


'='-^' w 


Substituting (4) in (3), 
Clearing of fractions, 


^ 46 — 24y 46y — 24j/> 


''^ 4—6 
120y— 225+ 120y = 180y— 96y* 


Or, 


96y« + 60y = 225 


Dividing by 96, 


y'+fy = e 


Compl. the square, 


i>'-\-iy+M = m 


Evolving, 


y+A = =fcff 


Whence, 


y = i,or — J^ 


Substituting in (4), 


x = |,or| 


$i = 


$0.75, and $! = $ 1.25. 


9. Let 


z = breadth of farm, in rods. 


Then 


ix = length of farm, in rods. 


and 


40 a: = price of farm. 


Therefore, 


J|xx = 40x 


Or, 


f, = 40. 


Multiplying by — , 


y = 403 


Evolving, 


x = 40 


Multiplying by 4 


4a; = 160 


Multiplying by 40, 


40 a: =1600 


10. Let 


X = length of one, 


and 


f/ = length of the other. 


Then 


6 ar^ = surface of one. 


and 


6y^ = surface of the other. 
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Therefore, 




ar + y=20 (1) 




and 




aJ'-fy»=2240 (2) 




Dividing (2) by (1), 


«»— xy+y*=ii2 (3) 




Squaring (1), 




i^+2xy-\-y' = m (4) 




Subtracting (3) 


from 


(4), 8ary = 288 (5) 




Whence, 




xy=96 (6) 




Subtracting (6) 


from 


(3), a»_2a;y+y«=16 (7) 




Extracting sq. root oi 


•(7), a5_y = ±4 (8) 




Adding (1) and 


(8), 


2 a: = 24, or 16 




Subtracting (8) 


from 


(1), 2y=ie,or24 




Whence, 




X ::= 12, or 8 




Alflo, 




y = 8, or 12 




Therefore, 




6 a? = 864, or 384 




Also, 




6y' = 384,or864 




11. Let 




X = A's share, 




and 




y = B's share. 




Then 


a5+y = 600 


(1) 


and 


S 


!97— ~a;:297— y :: 2a;:8y 


(2) 


From (2), 


2376y — 8a:y= 594a; — 2a!!y 


(3) 


Or, 




2376y— 594a:=6xy 


W 


Dividing by 6, 




396y — 99 x = a;y 


(5) 


From (1), 




X = 500 — y 


(6) 


Substit. (6) in (5), 


396y_49500 + 99y = 500y— y« 




Or, 




y» — 5y = 4950a 




Compl. square. 




y» _ 5 y _|_ ;^ = ia»^mi 




Evolving, 




y-f=±4|4 




Whence, 




y=225, or— 220 




Substituting in (6), 




X = 275, or 720 
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12. 



Let 


X = number bought. 


Then 


300 . .. ^ J 
— = price paid per head. 


and 


— = pnce rec d per head. 




800 . 1 _ 270 
X ' 2~a:— 15 



Therefore, 

Clear, of fract., 600a:— 9000+ a:^— 15a: = 540x 
Whence, a:^ + 45 a: = 9000 

Compl. square, a:* -f 45 a: + ^^ = a&jaA 

Evolving, a: + ^ = zb H^ 

Whence, a: = 75, or — 120 



13. Let 


and 


Then 


and 


Y the condition^. 



8600 

y 

4900 

X 



z first rate per cent, 
: second rate per cent. 

: first sum, 
: second sum. 



3600 , 4900 



Also, 



X 

sex 
y 



= 1300 
. 49y 

X 



Clearing (1) of fract., etc., 36 a: -j- 49 y : 
Clearing (2) of fractions, 36 ar* : 

Extracting square root of (4), 6 x • 

Or, x: 



Substituting (6) in (3), 

Or, 

91 V 
Dividing by -^, etc.. 

Substituting in (6), 
15* 



42y+49y: 
91y: 



l^xy 
:49y« 
= 7y 

6 

9j_^ 
■ 6 
. 91y« 
6 



(1) 

(2) 

(3) 
(4) 
(5) 

(6) 



= 6 

= 7 
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14. Let 

and 

Then 

and 

Therefore, 

Also, 

Clearing (2) of fract, 

From (1), 

Substit. (4) in (3), 

Or, 

Dividing by 3, 

Compl. square, 

Evolving, 
Whence, 
Substituting in (4) 

Whence, 
Also, 



800 y- 



X = A's number of acres, 
y = B's number of acres. 

200 ., . 

— = As price per acre, 

200 Tj, . 

— = B 8 pnce per acre. 

(1) 

(2) 

- 800 ar = 3 a;y (3) 

y = 200— X (4) 





«+y = 


:200 


200 

X 


200 _ 

y ~~ 


8 
l 



160000 — 800 o: — 800 a: = 600 a: — 3 or* 
3 x^— 2200 a: = — 160000 

^a — 2J^a. X + {^^Y = IIQ^SUL 

a: =651.467, or 81.867 
y = — 451.467, or 118.133 
200_ 200 
X 81.867" 

200 _ 200 
y "^ 118.183 



= 2.443 
= 1.693 



15. 



Let 



and 



X = the whole distance, 
y = A's rate per day, 
z = B's rate per day. 



Then 
And 

Also, 


7y— 7« = y-|-5 
10y4-10« = x4-100 

?+3 = ^ 


(1) 

(2) 
(3) 


Clearing (8) of fract., 
From (1), 


xz-\-3tfz = xy 

7z+6 


(4) 
(5) 
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Subst (5) in (2), ?il±i^ + 10:»==ar + 100 (6) 

From (6), 65 2 — 3 a? = 275 (7) 

Subst (5) in (4), xz^ '^^ = 1^^ (8) 

From (8), 2l^-\-\bz — xz + bx (9) 

From (7), x = (10) 

o u * /iA\ • /AX ot -1 I tK 65z*— 2752; , 8262—1875 
Subst (10) m (9), 21 2* + 15 2J = 

Clear, of fract, etc., 63 2^ + 45 2 = 65 jt* _|_ 50 « — 1375 

Or, 2r»+5 2;=1375 

Dividing by 2, a^ + f 2 = XAfA 

CompL square, "" ^^ -f f « + f J = u^^ 

Evolving, Z'\'^=Z'±2 ^i^ 

Whence, z = 25, or — 27^ 

Substituting in (5), y = 30 

Substituting in (10), x = 450 



THEORY OF QUADRATIC EQUATIONS. 

(Art. 295, pp. 241, 242.) 

3. Assume a^ — 6a: + 8 = 

Whence, ar» — 6a: + 9 = l 
Evolving, X — 3 := db 1 

Whence, a: = 4, or 2 

Therefore, ar»— 6 a: + 8 = (a: — 4) (a? — 2) 

The factors may also be determined by inspection. See Art 
102. 

4. Assume a:^+73a:+780 = 

Whence, a:^ + 73a:+(J^)« = aiyia 
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Evolving, a: + ^ = ziz ^ 
Whence, * a: = — 13, or — 60 

Therefore, a:« + 73 x + 780 = (a: + 60) {x + 13) 



5. Assume 


2a^+a;— 6 = 




Or, 


a^ + ix — 3 = 




"Whence, 


«'+ia'+A = « 




Evolving, 


=«+i = ±J 




Whence, 


a; = J, or - 


-2 



Therefore, 2ar» + a:— 6 = 2 (a; + 2)(a?— |) 

6. Assume a^-\-^x — ^S• = 

Whence, ar» + -«yix + Ap = i^^ 

Evolving, a: + iy = db ¥ 

Whence, a: = 4, or — ^ 

Therefore, a^^Ji^x — ^s. = (x — A) (a:+ V) 

FORMATION OF EQUATIONS. 

(Art. 296, p. 243.) 

2. (x— l)(a:+2)=a:«+a; — 2 = 
Whence, a:^-["* = ^ 

3. (x — 4)(x — 5)=a:« — 9a: + 20 = 
Whence, ar»— 9a: = — 20 

4. [(x— (1+V5)][x — (1— V5)]=ar» — 2x+(l — 5)=0 
Whence, ar* — 2 a: = 4 

5. (x—3)(x+i)=a^—:^x — i = 
Whence, x^ — ^x = i 
Or, 5a;2_l2a: = 9 
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Whence, a:^— f a? = 44^ 

7. [x— (m+V«)] [x— (w— V«)] =ar»— 2»ia?+(OT«— n)=0 
Whence, a^ — 2mx = n — 1»* 



RATIO AND PROPORTION. 

(Problems, pp. 267, 268.) 

1. Given xilS :: 6 : 27 
By Art. 311, 27 a; = 108 



Whence, 


x = 4 

J- 






2. Given 


^:^::i:x 






By Art 311, 


x_ 1 
2 12 






Whence, ' 


x = i 


' 




3. Given 


2 :a; :: a;:8 






By Art. 311, 


a^=16 






Whence, 


a; = 4 






4. Let x and y represent the numbers. 


f 


.! • 


Then ., ^, 


a: : y :: 2i 


: 2 


(1) 


Also, X- 


-5 : y-5 :: IJ 


: 1 


(2) 


From (1), by Art. 320, 


a; : y :: 5 


: 4 


(3) 


From (2), by Art 320, x- 


-6 : y— 5 :: 4 


: 3 


(4) 


From (3), by Art. 311, 


4s 




(5) 


Substituting (5) in (4), a: — 


■6: ^-6:: 4: 


3 


(6) 
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From (6), by Art 320, 5a:— 25 : 4ar— 25 :: 4 : 3 (7) 

By Art 311, 15a: — 75 = 16a;— 100 

Whence, x = 25 

Substituting in (5), y = 20 



5. Let 


« = the greater 


part^ 


and 


y = the less. 




Then 


a: + y = 50 


(1) 


A1»o, 


«+3 : y— 3 :: 3 : 2 


(2) 


From (2), by Art 315, 


^-\-y : y— 3 :: 5 : 2 


(3) 


Substituting (1) in (3), 


50 : y — 3 :: 5 : 2 


(4) 


From (4), by Art, 321, 


10 : y — 3 :: 1 : 2 


(5) 


By Art 311, 


y — 3 = 20 




Whence, 


y = 23 




Substituting in (1), 


a: + 23 = 50 




Whence, 


a: = 27 




6. Let 


X = am't of wine in 1 gaL of 


first, 


and 


y = am't of wine in 1 gal. of 


secon 



Then 



and 



1— X 



= ratio of wine to water in first, 



, ^ = ratio of wine to water in second. 
1— y 



By the first condition, a mixture of 1 gallon of each will contain 
1 gallon of wine and 1 of water ; and by the second condition, a 
mixture of 4 gallons of the first and 1 gallon of the second will 
contain 2 gallons of wine and 3 gallons of water. 

Therefore, a:+y=l (1) 

and 4a; + y = 2 (2) 

Subtracting (1) from (2), 3 a: = 1 
Whence, a? = i 

Substituting in (1), J -|-y = 1 
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Whence, y = f 



X 



= i—i. 



Therefore, =i = -=l : 2 

1 — X f 2 

Also y — J_ ? 9 . 1 

The second equation given above may also be obtained as fol- 
lows: 

Ax+y : 5 — (4a:+y) :: 2 : 3 

By Art. 315, 4a: + y : 6 :: 2 : 5 

By Art 321, 4a; + y : 1 :: 2 : 1 

By Art. 311, 4x-\-y = 2 

The above example may also be solved like the 7th by using 
- in place of «, and - in place of y. 



Let - = proportion of males, 

and 1 = proportion of females. 

Then - : 1 = = ratio of males to females. 

X X X — 1 



T^^ iS-.('-j)-iSoa)= 



18 



1000 



Or, 98-??_l!=i8 



X X 



144 

Whence, — = 80 



Dividing by 144. 



X 

1 _ 80 _ 5 
X 144 9 



Therefore, 1 _ 1 = 1 _5 = 1 

a; 9 9 

Also,Art-320, -: 1 — -= -i- = 5 : i = 5 ; 

^ X X X — 1 9 9 
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8. Let X = rate of the first tnun, 

and y = rate of the second train. 

Then, —y : x-\-y :: 2 : 30 
By Art 317, 2x : 2y :: 32 : 28 

By Art 320, x : y :: 8 : 7 



VARIATION. 



(Abt. 332, pp. 260, 


261.) 


1. Given 


yz=fnx 


Subst 2 for X and 10 for y, 


10 = 2m 


Whence, 


m = 5 


Therefore, 


y = 5x 


2. Given 


y = tnx 


Subst. 2 for y and 1 for a;, 


2 = i» 


Therefore, 


3^ = 2x 


Substituting 2 for a;, 


y = 4 


3. Given 


y = tnz 


Subst 24 for y and 3 for z, 


*24 = 3w 


Whence, 


m = 8 


Therefore, 


y = 8« 


4. Given 


m 
a?= - 

y 


Or, 


»i = a:y 


Subst 4 for a: and 2 for y, 


»i = 8 


Therefore, 


_8 
y 


Substituting 6 for y, 


x = i = H 
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5. Given 


z=imxy 




Subst. 1 for X, y, and z, 


m = l 




Therefore, 


z = xy 




Subst. 2 for X and y, 


2 = 2X2 = 4 




6. Given 


y = a-\-mxy 


(1) 


Subst. 2 for a: and — 2 J for y, 


-J = «-¥^ 


(2) 


Subst — 2 for a: and 1 for y, 


l = a — 2m 


(3) 


Subtracting (2) from (3), 


^ = ifn 




Whence, 


m=:| 




From (3), 


a = l + 2w 




Substituting value of m. 


« = ! + $=} 




Substituting in (1), 


y = i+i^y 




Clearing of fractions, 


4y = U + 5xy 




Or, iy- 


-5xy=U 




Whence, 


14 
^~ 4 — 6x 





7. Let a; = its diameter. 

Then the areas are 36 m, 64 m, and ma^. 
Hence, w a;^ = 36 m -|- 64 m 

Or, ar» = 36 + 64 = 100 

Evolving, a; = 10 

8. Let a; = the additional distance. 

The two distances are then 3 and 3-f-a;, and the amounts of 

light are, respectively, ^ and r^T^y 
Hence, 



9 — (3+x)« 
Or, (3+x)« =18 

Evolving, 3 + a: = Vl8 = 3 V2 
Whence, a: = 3V2-^3 = 3 (V2 — 1) 

Or, x = 3 X. 4142 = 1.243 

16 
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9. Let ar = the number of cars which will just balance the 
power of the engine. 

Then x — 1 = the number it can move. 

fTOVi = 24 (1) 
imV4=:4 



By the conditions, 



(2) 



From (2), 2 m = 4 

Or, TO z= 2 

Substituting in (1), 2 Vx = 24 

Dividing by 2, V« =12 

Squaring, a: = 144 

Then, a— 1 = 143 



PROGRESSIONS. 

ARITHMETICAL PROGRESSION. 

(Art. 338, pp. 264-266.) 

It will be a valuable exercise for the student to obtain all the 
formulas found in the table, from the two fundamental ones. 

2. /=a+(« — I)rf=l0 + 3X(— 2) = 10 — 6 = 4. 

3 ^_ rf— 2adzV(c^— 2a)^+ 8rf^ _ — l-j-V^qTi 

2d. — zri 

_ -|±l _ -9±15 __ . 

— _jL — — Zr2 — = — 3, or 12. 

4 j_ gC'S^ — qn) _ 2 (440 — 60) _ 2 X 880 _ 

n(n — 1) ~ 20X19 ~ 20 X 19 

g _ 25— n(n~l)rf _ 3;i«4-4n— 3n(n-~l) 
2n 2n 

8n+4 — Sn + S 7 

~ 2 —2- 
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iS—n(n — l)d 642 — 6X5X5 642—100 

' " 2r» 12 12 

c,_ (l+a)(l-a+d) _ (99 + l)(99-l + 2) 
*• *— 2d — 23<2 

_ 100 X100_ 2500. 



4 

Or, S = i » (a + /) = 25 X 100 = 2500. 

9. /=a + (» — 1)^=1 + 51X2=1 + 102 = 103. 
iS= in (a+0 = 26 X 104 = 2704. 

10. S=in[2a+(» — l)rf],andiS=180». 

Therefore, 180 « = 5 [540 — 60 (n — 1)] 

* • 

Dividing by ?, etc., 360 = 540 — 60 n + 60 

Whence, 60?i = 240 

Dividing by 60, n = 4. 

11. iS = in[2a + (n — l)rf],andiS=10n. 
Therefore, 10« = ^ [16 +i (n— 1)] 

Dividing by J etc, 20 = 16 + — ^ 

Clear, of fractions, 40 = 32 + » — 1 
Whence, n = 9 

Also, iS= 10X9 = 90. 
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GEOMETRICAL PROGRESSION. 

(Art. 344, pp. 269-271.) 

As in Arithmetical Progression, it will be well for the student 
to obtain all the formulas in the table from the two fundamental 
ones. Those involving logarithms will be obtained in Art. 420. 

^_ a,*-o _ 7X8'-7 _ 1701-7 _^,^ 

2- ^=-7=r= 3-1 =—2— = ^^7- 

- / 128 128 . 



4 .=yi = ^= (^2187 = 3. 



iX4 = 2; 2X4 = 8; 8X4 = 32. 

l=at'-^ = 2 X 4" = 2 X 4194304 = 83B8608 

-S=?I=f = 25£^= 11184810. 
r- — 1 3 



a 1_ 1 3 



^- '^=r=:;=r^=i = i = H- 



ft o_ ««*-« _ «-<"* _ |-|X(§)' _ t-l/ft 
°' "— r-1 — 1-r — 1-J — i 

— i — TJfa — *TVy' 

10 o_ « — -^2 _12_4 
1 — r 1— .01 99 83' 

12 a^ ('— l)g _ (1-1)2059 _.»iip_ 

•--i ~ (4)'-i ~»m~ 
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13. ^=£ri=f = iX£:=^_ 59049-3^29523. 
r— 1 3—1 2 



HARMONICAL PROGRESSION. 
(Art. 347, pp. 272, 273.) 

1 7— ^^ — i — ^ — 1 

*— (n— l)a — (n — 2)ft~4 — 4~ 4 ~ ^' 

2. rf= . "".""i 7 = ^*TJ^i =^ = 2. The reciprocalB 
ofthe extremes are Band 12. 6 + 2 = 8; 8+2 = 10. 

Hence, 6, 8, 10, 12 = the arithmetical progression, 
and ^, I", ^, -^ = the harmonica! progression. 

d = 7 — i^^i^: — V = = — — . The reciprocals of the 

(m+l)aZ 8X4X5 60 ^ 

extremes are i and i; J — ^ = ^^; ^ — ^ = ii> 

Hence, ^, ^, i%, ^ = the arithmetical progression, 

and 4, 4^, 4^, 5 = the harmonical progression. 

3. The reciprocals of the terms, ^, f , |, etc., form an arithmeti- 
cal progression whose common difference is J. f + ^ = JgL ; jgL 
+ J = 1^. The required terms are the reciprocals of JgL and Jg^, 
that is, -^ and •]^. 

PROBLEMS 

REQUIRING THE APPLIQATION OF THE PRINCIPLES 
OF THE PROGRESSIONS. 

(Pp. 273-276.) 

S, Let a;, ar + y, 0? + 2 y, and a: + 3 ^ represent the numbers. 
Then, a^i + (a; + y)2 = 34 (1) 

Also, (x + 2yy+{x + 3yy=130 (2) 
16* 
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From (1), 
From (2), 
Subtr. (3) from (4), 

From (5), 



2ar' + 2xy+j(» = 34: 
2a:'+10xy+13y=130 
8a;y+12jr'=96 

2jr 



(3) 
(4) 
(5) 

(6) 



Subst. (6) in (8), g^g-iy+9»* _j_24_8ya_{_ya=34 



Or, 

Clearing of fractions. 
Transposing and uniting, 
Completing square, 
Extracting square root, 
Whence, 

Evolving, 

Substituting in (6), 

Therefore, 



576 — 144jr'+9y*=20y* + 4y* 
5/— 164^ = — 676 

y*-^»*y'+(¥)* = ^l** 

f = ifi, or 4 
y=±YV5,or±2 
X = =F liiVE, or :iz 3 
x+y = =F i VF, or±5 
a:+ 2y = ± Jgi V5, or =h 7 
^x+3y = ±¥V5;or±9 



4. Let X, 



ixy 



Then 

Also, 

Substituting (2) in (1), 

Clear, of fract, etc., 



and y represent the numbers. 
I 2«y 



x+y 



a;y = 18 



«+y+ 



36 



= 13 



x+y 
(ar+y)» — 13(x+y)=— 36 
Compl. square, (x+y)*— 13 (x+y) +i|a = ^ 
Evolving, *-|-y — -^ = d: } 

Whence, a'+y = 9, or 4 

Squaring (7), ««+ 2 xy+y« = 81, or 16 



(I) 

(2) 

(3) 

(4) 
(5) 
(6) 
(7). 

(8) 
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Subtracting (2) X 4 from (8), a^ — 2xy-{-y^ = 9, or — 56 (9) 
Extr. square root of (9), x — y = ±S (10) 

Adding (7) and (10), 2x = 12, or 6 

Subtracting (10) from (7), 2y = 6, or 12 

Whence, x = 6, or 3 

Also, y = 3, or 6 

Therefore, — r^ = — = 4 

x + y 9 

5. Here a = 25, rf= — 5, and n = 11. Therefore, S=z 
i» [2a + (n — 1) d] = V [50 — 50] = 0. Hence he was 
back at Boston at the end of the 11th day. 

6. Here a = 2, d=2, and n = 6401. Therefore 8= 
J» [2 a+ (» — 1) rf] == sj^ [4+12800] = a^ X 12804 = 
40979202. 40979202 rods = 128060 miles 2 rods. 

7. The time of raising the first foot must be -j^ of 2 days, or ^ 
day, and each foot will require J day more than the preceding. 
Then a = i, c? = J, and n = 100. Therefore 

^= Jn[2a+(n — 1)<] = 50 [f + y] = 50 X J^JJ^ = 1010. 

8. Let X — 2y, X — y, x, x-]-y, and a? + 2y, respectively, 
represent the number of days in which each, separately, can reap 
an acre. 

Then, • 5 a: =20 (1) 

Whence, a: = 4 (2) 

. . 1 , 1 L Ij 1 , 1 _87 

1.1.1.1 72 



From(2)aBd(3),j-^^ + — ^ + ^^+^::p^ = - (4) 

Uniting terms, -:; — --^ + -= 5 = — (5) 

Dividing by 2a: = 8, __i_+^ = ^^ (6) 
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Clear, of fract, etc., 20 {2a? — bf) = 3 (a:*— 5 0:25^ + 4 y*) 

Subst. value of X, 640 — 100y« = 768 — 240y» + 12y* 

Or, 12y*— 140ya = — 128 

Dividing by 12, ^—j^f — — £^ 
Completing square, y* — ^^ y^ + ( V)^ = W* 

Extr. square root, y* — ^ = db -^ 

Whence, 5^ = ^, or 1 

Evolving, y = d= f ^^> or -4- 1 

'x—2y = 4=Ff Ve, or 2, or 6 

x—y = 4=F J Ve", or 3, or 5 

x-\-y = 4± J Ve^ or 5, or 3 

.x + 2y = 4dbfV6, or 6, or 2 



Therefore, 



9. Here a = 100, r = 0.9375 = if, and w = 00. Substi- 
tuting these values, we have S = = 77 = —; — r-r =z 

° ' 1 — r 1 — if 16 — 15 

1600. Each of these terms, except the first, must be doubled to 
obtain the whole distance passed over ; hence the distance is 
1600x2 — 100 = 3100. 

10. Here a = 20, <i = — 5, and « = 8. Substituting these 
values we have S= in[2a-\- (n — l)d'] = 4(40 — 35) = 
4 X 5 = 20. 

1 1. Let X — Sy, X — y, a; -|-y, and a;-[" ^ f/ represent the num- 
bers. 

Then, 2ar»+ 18y« = 200 (1) 

Also, 20?+ 2y^=136 (2) 
Subtracting (2) from (1), 16y2= 64 (3) 

Whence, y^ = 4 

Evolving, y = ± 2 

Substituting m (2) -f- 2, ar* + 4 = 68 
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Whence, ar* = 64 

Evolving, X = db 8 



Therefore, 



a: — 3y=:rzb2 
a:— y = ±6 
x+y = dblO 

a:+3y = dbl4 



12. Let a; = the number of hours. 

Then 4 (x -f- ^) = 4 a: + 1 1 = distance A travels, 

X B5x x^ 

and « [9 + (^ — 1) i] = ~S — I" «" ^^^ distance B travels. 



Therefore, 4x + ll = ^ + j 

Clearing of fractions, S2 x -\- SS = 35 x -{- a^ 

Whence, a:^ + 3a: = 88 

Completing square, a:^ -)- 3 a: + 1 = ^|^ 
Evolving, a; + | = =i=Y 

Whence, a: = 8, or — 11 

13. • Let a:, xy, xy^, and xi^ represent the numbers. 
Then, a: + a:y=15 (1) 

Also, • xf-^xy^zzzeO (2) 

Dividing (2) by (1), y* = 4 

Evolving, y = ;t 2 

Substituting in(l), a:it2x=15 
Or, 3 a:, or — a: = 15 

Whence, a: = 5, or — 15 

rxy =10, or 30 
Therefore, J xf = 20, or — 60 

(a:/ = 40, or 120 
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FIRST 


SOLUTION. 






' 14. Letx, 1^, andy 


represent the numbers. 






Then, 






(1) 


Also, x-\ 


^Ir+^=»+' 




(2) 


Clearing (1) of fract. 


2a:»y = xy+y« 


(3) 


Dividing (3) by y, 


2=^ = *+y 




(4) 


Substituting (4) in (2), x- 


f»J+2=y+l 




(6) 


Or, 


x + l + l=y 




(6) 


Clearing (6) of fract, 


a!»+y+a; = a:y 




(7) 


Or, 


a? = xy—(x-\-y) 


(8) 


Adding (4) and (8), 


3a? = xy 




(9) 


Whence, 


Sx = y 




(10) 


Substituting (10) in (4), 


2x*=4a; 






Whence, 


x=2 






Substituting in (10), 


y=6 






Therefore, 


" + !/ 






SECOND 


1 SOLTTTIOX. 






Let a:, y, and xy represeni 


t the numbers. 






Then, Art 345, 


1 1_1 1 

i y~y »y 




(1) 


Also, 


«+y+2 = «y+l 




(2) 


From (1), 


y=2a;— 1 




(3) 


Substituting (3) in (2), 


a;_(_2a;+l =2x' — x 


+ 1 


(4) 


Or, 


2««=4a; 






Whence, 


a; = 2 






Substituting in (3), 


y = 4 — 1 = 


:3 




Therefore, 


a:y = 6 
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PERMUTATIONS AND COMBINATIONS. 

(Art. 353, pp. 279, 280.) 

4. Here n = 8, r = 4, and n — r-\-l ^ 5 ; then, by formula 
(1), 8X7X6X5=1680. 

5. Here n = 40, r = 6, and n — r -|- 1 = 35 ; then, hj for- 
mula (4), 

40 X 89 X 88 X 87 X 86 X 85 
1X2X8X4X5X6 

= 2 X 39 X 38 X 37 X 35 = 3838380 



BINOMIAL THEOREM. 

(Arts. 361-363, pp. 285-288.) 

4. Here n = 50, and r = 49 ; and substituting these in the 
general term (5 and 7, Art. 360), we have 

1.2. 3. ..48 1.2 

The coefficient may also be found by means of principle 6, Art. 
360. 

6. Here n = 10, and r = 9 ; and substituting these in the 
general term (7, Art. 360), we have 

10.9.8 3 « 8 l<>-9 «i 8 .R « 8 

1.2.3 8 1.2 

7. (l+ar)»= l«+6 (l)6a:+15 (l)*a:2_[_20 {iya?-{-15 (Ifx' 

+ 6(l)a:« + a:« 
= 1 0- 6a:+ 15a:2_^20a:*+ 15ar*+ 6a:« + a:« 
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9. Substituting 1 for a and a:^ for a; in the 5th example, we ob- 
tain the required result. 

10. Here n = 8, and r = 5 ; and substituting these in the 
general term (7, Art. 360), we have 

8.7.6.6 



1.2.3.4 



a*a?* = 70 m»n»« 



11. (3a« — 2J«/=(3a«)«— 6(3a2)«(2 6») + 15(8a«)*(2ft»)« 

— 20 (3 a«)» (2 ft»)» + 15 (3 a^ (2 d»)* — 6 (3 a«) (2 ^)» 
+ (2^/= 

729ai^— 29l6a*«ft»+4860a»6«— 4320an» + 2160a*^ 

— 576a«ft"+ 64^18 

12. Substituting 1 for a and for a: in the 5th example, we 

obtain the required result. 

13. The exponent of 6 in the required term is 7; hence 
(2, Art. 360) the required term is the 8th. Substituting in the 
general term (7, Art. 360), we have 

^'^'gW^'y {ay (3 ahy = \^^ «• (2187 a' W) = 78732 a" 6^ 

14. Here n = 2002, and r = 2001 ; and substituting these in 

the general term (7, Art. 360), we have 

2002 . 2001 . 2000 8 / ^y ( ^X^ 2002 X 2001 ^ ^^ 

1.2.8 2000 \^ ) yp^ ) 1X2 ^ 

,a. (,_|)» = ._:„(|) + 2«^»(0-_«|<5(|)- 

, 120X7 /xy 210 X6 /xy , 252X5 /x\e 

_ 210X4 /x\t , 120X8 /xy _ 45X2 /A® i 10 /x^ 
= 1 — 5a; + Var*— 15x» + i8ia;*--^a:«+J^a:«— ^fx'' 
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17. It is evident that a term containing a' 5^ must be found in 
the 4th power of a-\-b; hence, considering the quantity as (a-^b) 
-J- c, a term containing a* l^ c^ must be a part of that term which 
contains (a-f-^)^^^ or the dd term (2, Art 360). Substituting in 
the general term, 

6X6 



1X2 



(a + i)* c'a= 15 (a + &)*c> 



By principles 2 and 7, Art. 360, the 3d term of (a+J)*, or that 

4X3 
which involves a" J", is t-tj^ «*^> or 6 a^l^. Multiplying this by 

1X2 

15c« we obtain GOa^ft^c*. 

18. The formula for the third power is 

(a — xy = a* — 3a^x-\-Saa^"^a* 

Substituting a -|- 2 ft for a, and c for a:, we have 

(a+26— c)«=(a+25)« — 3(a + 2i)«c + 3(a4-2&)c»— c» 
= a«+6a«5 + 12ai24-85» — 3 a^c — 12 a&c— 12 ^c 
+ 3ac» + 66c» — (?• 



SERIES. 




UNDETERMINED COEFFICIENTS. 


(Akt. 369, pp. 289-294.) 


4. A88umej-^=4 + 5a:+0a!» + 2)a:»+ 


Clearing of fractions, 


a = Ab-\-Bb x-\-Cb 


x'+Bb 


a*-\- 


+ ^ +5 


+ G 




17 
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Equating Hke coefficients, 

Ah = a 
A-\-Bh = (i 
^+(76 = 
0'+D6 = 

Substitnting, we have 



► whence •< 



^=f 



^=-\ 






i>= — 



6* 



6 + ap" 



6"""^"' &■ """ft*" • 



5. Assume : 



1— 2x+ai« 
Clearing of fractions, 

— 2^ 






« +c 


a» +2) 


«» +-B 


— 25 


— 2C 


— 22) 


+ ^ 


+ ^ 


+ c 



Equating like coefficients, 

^—2^ = ^=2 

C— 2 ^4- ^ = > whence < (7= 3 
2>_2C+^=0 J5=4 

E—2l>+G=o) 1^=5 

Substituting, we have 

1 



-2x+a:» 



= l_|_2a: + 3ar»4-4a:« + 5ar*4-. 



6. Assume {a^ ^ ac^^ = A -\- B x^ + Oa?*+Z>ar«+. 
Squaring both members, 
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x« + ^C 


x'-\-AD 


+ ^ 


-\-B0 


■^AO 


-}-BG 




-\-AD 



c? — ^ = A^-\-AB 
■Jf-AB 



Equating like coefficients, 

2^-B = — 1 

2AC-\-B'=0 

2AB-\-2BO=0 

Substituting, we have, 

(a*—a^^ = a — — ——. 

^ ' 2o 8a» 16 



«•+..., 



whence > 



A = a 
B= — 



\_ 
2a 
J_ 
80* 

1 
16 a* 



7. Asavme\^ = A-\-Bx'\-Cx'-}-Da*-\-. 



Clearing of fractions, 

l+x = A'\-B 

—A 

Equating like coefficients, 

B—A=l 
C—B=0 
I>—O = 0j 
Substituting, we have 



x-{-C 
— B 



— O 



a*-\-. 



whence ■> 



A = l 
B=2 
(7=2 
2?= 2 



i±|=l + 2a: + 2=r»+2a*+, 



^' ^^"'° V+6a'x+12ax'+8»' = ^ + -»'^+^'^ 



196 
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Clearing of f ractionSy 



■\-ViaA 
Equating like coeffidents, 


^ 


+ ifD *»+ 

+ 6o«(7 
+ 12o -B 
-\- % A 


Acf = \ 




^=h 


12o^+6a« -B+a* (7=0 


' whence • 


"=5 


8^ + 12a5+6a«O+a«Z)=0 




."=-? 


Substituting, we have 











1 _ 1 6x . 24a« SOa* . 

(a+ 2ar)» ~ a« a* + a» fl(» "" ' 



Clearing of fractions, 



l=.aM+ (^B 


'' + 


a'C 


x' 


■f a*!) 


X 


-^2aA 


+ 2o ^ 


+ 2a 




+ ^ 


+ s 




Equating like coefficients, 


aM=l 




\^=h 


2o^ + a»5=0 


■ whence • 


^=-1 


^_|_2o-B+a«(7=0 




''=1 


B + 2aO-{-a*D 


= 






2?= — 


4 
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Substituting, we have 

1 _ 1 






10. Assume ^jzT^ = Ax--'^+BaP+ (7a: + Da:^ -|- , 
Clearing of fractions, 



x + SO 
—B 



— O 



1 = 3^4-3^ 
— A 
Equating like coefficients, 

3^=1 
35—^=0 
3(7—^=0 
32>— (7=0J 
Substituting, we have, 

8* — x'^^T'T"? ' 27 + 81"'" 



x»+. 



whence -< 






11. Assume 



Clearing of fractions. 



lJ{-2x = A-\-B 
—A 



x-\-0 


a?-\-D 


a»-\-E 


— B 


— G 


— D 


—A 


— B 


— C 



a- + , 



Equating like coefficients, 

^ = n rA = i 

B—A = 2 B=3 

(7— ^— ^ = >whence< 0—4 
J)—C—B=0 D=l 

E—D— G= oj l^= 11 

Substituting, we have, 

j^ft!^ = 1^3a;4.4ar»4-7a:« + lla:*+. 

17* 
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12. Assume ^^^^^ = Axr^-^-Bar^+O+Bx+Esc^'}'. 
Clearing of fractions, 



2 = 8^+35 x-\-30 x^ + 3D 
— 2A —2B —20 
Equating like coefficients, 

3^ = 2^ 
3^—2^ = 



ar»+3^ 
— 2J) 

B=i 



ar* + . 



3 O— 2B=0> whence < 0= ^ 



3D— 2 C=0 
SJS—2I)=o) 
Substituting, we have, 

2 2r-« . 4ar-i 






8 , 16x , 82a:* 



8a*— 2a:"' 



3 



9 



ff74 



27 



81 



243 



DECOMPOSITION OF RATIONAL FRACTIONS. 
(Art. 370, pp. 294, 295.) 

3. Assume 7 rr-7 rr = ^ i p. 

(x — 8) (a: — 5) x — 8 ' x — 6 

Clearing of fractions, and uniting, 

Sx—5 = —5A — SB+{A + B)x 
Equating like coefficients, 

— 5^ — 8^ = — 5) 
^4- B=3 \ 
Substituting, we have, 

3ar — 5 19 10 

a:««-13ar-|-40 8(a;— 8) ~ 3(x— 6) 

4. Assume — *— -r = — : — . 



whence \ 
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Clearing of fractions, and uniting, 

l-{-x' = A-\-{B-\-0)x-{-(B—A—Cr)x' 
Equating like coefficients, 



B- 



B-{-C=0 \ whence 
■ A — 0=1 ) 






Substitating, we have, 

l+a:* _l . 1 1_ 



5. Assume 



(a*— l)(x— 2) a:— 2 ' x—l ' x+1 
Clearing of fractions, and uniting, 

a^ = —A — 2B+2 0-^(—B—SCf)x-\-{A+B'\'0)x' 
Equating like coefficients, 

—A — 2B-\'2O=0 1 C^ = i 

— B—SO=0 > whence < B = — i 
^+ B+ (7=1) [o = i 

Substituting, we have, 

g* _ 4 1 . 1 

(a:»— 1) (x—2) ~ 3 (x — 2) 2 (ar— 1) "T" 6 (x+ 1) 

Clearing of fractions, 

Sx-\-2 = A(a*-\-Sa?-\-Sx+l) + B(!i*^2a»-\-x) 

+ G{i^-\-x)+Bx 
Arranging terms, 

Sx-\-2z=A+(SA-^B+G-\-l))x+(SA-\-2B-\-0)a? 
+ (A+B)^ 
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Equating like coefficients, 



J = 21 




r^ = 2 


3A + B-\-0+3 = S 
SA-{-2B-\-O=0 


■ whence ■■ 


B = — 2 
G= — 2 


A-{-B=o\ 




[3=1 


Substituting, we have, 




Sx+2 _2 2 


2 1 1 



x{x+iy~x x+l (x+l)«~(x+l)« 



BINOMIAt THEOREM. ANY EXPONENT. 
(Abts. 374, 375, pp. 298-301.) 

4. Substituting 2 x for x, and - for -, in formula (D), 

2 q 

;i+2»)t=i+K8»)+;-s^p»^)-+ ";-'>^'-'> (2»)- 
+ '"i"."rl'2-" w+.- 



1.1.2* 



1.2.8.4.2* 
« . 1.1.3.2» 



— l-J-aj 

~ 1.2.2*" ' 1.2.3.2*' 



1.1.8.6.2* 



1.2.8.4.2* ~' 



5. Substituting — x for a:, and 1 for n, in formula (C), 

l(l + l)(l + 2)(l + 3) 
"•" 1.2.3.4 ' 

, , , 1 .2 „ , 1 .2.3 . , 1.2.8,4 . , 



= l + « + ar' + a:«+ar« + . 
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1 p , 

6. Substituting - for ^ in formula (E), 

a+,)-t=i-tx+'^^- '<'+;'.''y »•+•:■- 



7. 2 (c -f a:)-" = I ^1 + |V . Substituting in formula (C), 

|(.+|)-=|(.-.i+'-^(f)' 

2(2 + l)(2 + 2) /x\« ■ \ 
2/ 2x I 2.3a' - 2.3.4a' , \ 



2 4arj^6a:' 83^ , 

— ?"■?" + ■?■ — -^ri- 



8. ■ ^ = (1 -|-ar^ * Substituting in formula (E), 

— 1 1-a . ^-^ -u 1-8-S _« , 1.3.5.7 _, 

— A — 4ar-t-i727^a?"— 1^2.3.2»*^"l"l.2.3.4.2«*^"~ 



= l — ia?^^^ — ^a* + ^a?. 



9. a:*(a!*— y) «=x^l— ^^ s. Substituting in formula (E), 

V a^/ ~ V 2a'~1.2.2'«« ' 1.2.3.2'a;' 

+ ....) 



.2'a;' 

1.3.5.71 
1.2.3.4.2's' 
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— ^V +2? "^8^* "^16^ "^128? "•"•"7 

_^ I y I 8y* I 5y* I ^^y* ■ 



10. Substituting in formula (B), 



1.2.8 * *•-!-.., 



~* ~1.2.4« '1.2.8.4' ^^ 



11. ^^. = m(J« + c«)-* = j(l + ^)-*. Substitating 
in formula (E), 

6\ "•"6»/ ~ b\ 26^+1. 2. 2«&* 1.2.8.2»fi» 

5.7 c" \ 

.4.2*6» ~ / 



1.8.5 . 7 c>« 
1.2.8. 



_m/ c* ■ 8c* 5c" . 35c*' \ 

~6\ 26^"*"8&* 16J^ + 1286» / 

13. \^ = V'8+l = 2(l4-i)* 

-g/i I ^ 1-2 1.2.5 

"" \ ~8.8 1.2.8^8« '1.2.8. 8».8» 

1.2.5.8 ■ \ 

1.2. 8. 4. 8*. 8*"*" 7 
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' 8 . 2" 8* . 2* ' 8* . 2» 3* . 2*« ' 

= 2 + .08333 — .00347 + .00024 — .00002 
= 2.08357 — .00349 = 2.08008 

14. V^ = 'V^32 + 7 = 2(14-A)* 

+ "Tr.f.M"' w+--) 

■ gA I 7 1.4. 7« 1.4.9.7« 
\ ■" 6.2» 1.2.6«.2^»'' 1.2.8.6«.2" 

1.4.9.14.7* . \ 
1.2.8.4.6*.2»"*' / 



^ , _7 7* , 8.7» 3.7* ■ 

"»" 6 . 2* 6» . 2« ' 5« . 2" 6* . 2^» ' " * ' 

' ""T" A rf?^(F I 10 24 (TOO 7UTV83tl7Ty"r' 

= 2 + .0875 — .00766 + .001. — .00015 
= 2.0885 — .0078 = 2.0807 

15. ^^260 = ^^^243+ 17 =3 (l + ~)* 
— a/lJ-^-^^ ^'^'^ 



1.4.17* . 1.4.9.17' 



8^« '1.2.8. 5».3« 



_Q . 17 2. 17* ■ 2. 17» 

""5.3* 5*. 3* ' 6« . 8" " * ' 

= 3 + .041975 — .001175 + .00005 
= 3.042025 — .001175 = 3.04085 
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16. -vToi = -^^128 — 20 = 2 (1 — A)*^ 

— o/i » 5 i(i-7) /6y 1(1-7) (1-14) /sy \ 

— ''V^ — fsi+l.Z.T'VW 1.2.S.7* ^82/ ^■"7 



=K 



6 1.6.5* 1 . 6 . 13 . 5» 

TT¥~l . 2 . 7* . 2» 1 . 2 . 8 . 7» . 2»» 



1 . 6 . 18 . 20 . 5* 
1 . 2 . 8 . 4 . 7* . 2* 



_ 6 8 . 5« 18 . 5* 18 . 5» 18 . 3» . 5» 

— ^""772*~7«T? 7».2'* 7*. 2" 7» . 2«* 

= 2 jf 5^ — SftVfiS "~ 58TWi7 T25 88I64^^ 

= 2 — .044643 — .002989 — .000289 — .000032 — .000004 
= 2 — .047957 = 1.952043 

REVERSION OF SERIES. 

(Abt. 376, pp. 801-803.) 

1. Here cty b, c, are all 1. Substituting this value in 

formula (A), we obtain 

2. Here a = 2, b z=: S, c z= 4t, d z=z 5, etc Substituting these 
values in formula (B), we obtain 

« = ly - fty* + iWry*— iV% y* + . • • • 

3. Here a = 1, b = ^, c = h ^ = A> ®*C' Substituting 
these values in formula (A), and using y — 1 for y, we have for 
the value of a, 

(y-i)-i(y-i)'+(i-*)(y-i)Mf-A+A)(y-i)*+.. 

Or,«=(y-l)-i(y-l)«+i(y-l)«_i(y_l)«+.. 
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4. Here a=l, J = — J, c = ^, d= — 4^, etc. Substituting 
these values in formula (B), we have 

a^=y-(-i)y'+(i-i)y»-(-t+A-*)y'+.... 
Or, «=y+iy*+Ay*+3ft/+ 



5. Assume y=:Ax-\-Ba?-{- Oa^ -\- Substituting 

this value of y in the original equation, we have 



ax-{-ha?-\-ca^-\-. . . . = mAx-\-mS 

nA* 



-\-2nAB 



«• + • 



Equating the like coefficients of Xy 

mA=a 

tnB'\-nA^ = h )- whence h 

mG+2nABi'pA^—c 
Substituting, we have 



A=^ 
m 



Bz=z 

C 






cm* — c^p — 2an(bm* — a*n) 



^ m 



6m" — a*» S^J-^^* — c^mp — 2an(&m' — a*n) 



m» 



x« + . 



SUMMATION OF INFINITE SERIES. 

BECUBKma SEBIES. 

(Art. 881, pp. 305-307.) 

2. Here, a = 1, 6 = 2, c = 3, cf = 5, etc Substituting these 
values in formulas (A), 

whence, by formula (D), 

18 



1 — X — a* 1 — X — a* 
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3. Here, a = T, 6 = — —,c = —yd = rr> ®*<^ ^^ ^ 

evident that each of these is the product of the next preceding one 
bj — 7 ; hence the series is a geometrical progression, or a recur- 

ring series of the first order, in which p = — r. Substituting in 

formula (£), 

a 

b a 



S = 



j^cx b-\-cx 



4. Here, a = 4, 6=9, c = 21, cf = 51, etc Substituting 
in formulas (A), 

_ 204— 189 15 

^~ 84 — 81 3 ~ 

441 —459 —18 g 



^ 84 — 81 8 

Whence, bj formula (D), 



« 4+ (9 — 20)0? 4 — llo? 

1 — 5x+6a:» 1 — Sar+Ga* 



6. Here a = 1, 6 = 3, c = 5, rf = 7, etc 


Substituting in 


rmulas (A), 




„-'-"--«-2 




/» 5 — 9 —4 "^ 




25 — 21 4 , 




? 6_9 _4 ^ 




Tience, by formula (D), 




1-2X+*' (1-x)' 





6. Here a = 2, 6=— 1, c = 2, rf= — 6, e = 10,/= — 17, 
etc Substituting in formulas (6), 
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— 5= 2p— q-\-ir 


(1) 




10 = — 5p-^2q — r 


(2) 




— 17= I0p — 5q + 2r 


(8) 


Multiplying (2) by 2, 


20 = — 10_p + 4j — 2r 


(4) 


Adding (3) and (4), 


q = -S 


(S) 


Adding (1) and (4), 


15= — Sp-\-3q 


(6) 


Subst (5) in (6), 


8p = — 2A 




Whence, 


p = -S 




Subst. in (2), 


r = — 10 + 15 — 6 = - 


-1 


Substituting in formula 


(F), and writing a for x. 




a_2+(-l + 6) 


a + (2— 8 + 6)a« 2 + 6a + 6« 


f 


^— l + 3a 


+ 8«'+«' (1 + a)' 





7. Here a = 8, 6 = 6, c = 7, cf = 13, e = 23, /= 45, etc 
Substituting in formulas (B), 

13= 7j9+ 5^+ 3r (1) 

23= 13j9+ 7^4- 5r (2) 

45= 2Bp + lSq+ It (3) 

Multiplying, (ly by 6, 65= 35j94-25y + 15r (4) 

Multiplying (2) by 3, 69= 39j9 + 2l9 + 15r (5) 

Subtracting (4) from (5), 4= 4;?— 45- (6) 

Multiplying (2) by 7, 161= 91j9 + 49^ + 35r (7) 

Multiplying (3) by 5, 225 = 1 15 j9 + 65 y + 35 r (8) 

Subtracting (7) from (8), 64= 24^9 + 16^ (9) 

Multiplying (6) by 4, 16= 16j9 — 16y (10) 

Adding (9) and (10), 80= 40 j9 

Whence, j9 = 2 

Substituting in (6), ^ = 1 
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Snbstitating in(l), 8r=:13 — 14 — 5= 6 

Whence, r = — 2 

Substituting in formula (F), 
^_ 8 + (S — 6)g + (7— 10 — 8)a;' _ 3 — ar — ez* 

1 — 2x— *'-{-2a:» ~^1 — 2* — x»+2x' 

DIFFERENTIAL METHOD. 
(Art. 385, pp. 809-311.) 



6, 9, 17, 36, 63, 99,, 
3, 8, 18, 28, 36,... 

6, 10, 10, 8, 

6, 0,-2, 

-5,-2 

8, 



4 8, 6, 11, 17, 24, 36, 60,, 

8, 6, 6, 7, 12, 14,... 

2, 1, 1, 5, 2 

— 1, 0, 4,-3 

1. 4,-7 

8, —11, 

-H 



5. 8, 6, 8, 12, 17, 

2, 8, 4, 5 

1, 1, 1. 

0, 0...... 

Hence a = 3, d, = 2, «4=1, <4 = 0, and n = 7. 
Substituting in formula (A), 

7V = 3 + 12 + il| = 3 + 12+16 = 30 
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6- 1, 4, 10, 20, 35, 

8, 6, 10, 15, 

8, 4, 5, 

1, 1,...- 
0...... 

Hence a = 1, di = 3, (^ = 3, (fg =1, d^ = 0, and n = 12. 
Substituting in formula (B), 

= 12 4- 198 + 660 4- 495 = 1365 

7. 1, 2, 3, 4, 5, 

1, 1, 1, 1, 

0, 0, 0, 

Hence a = 1, c^ = 1, ci^ = 0, and n = 100. Substituting 
in formula (B), 

ion Qci 
^ = 100 + iri:^ = 100 + 4950 = 5050 

8. 1, 4, 9, 16, 25 

3, 5, 7, 9, 

2, 2, 2, 

0, 

Hence a := 1, <^ = S, (^ = 2, d^ = 0, and n = 15. Substi- 
tuting in fonuula (A), 

7'u=l+14x3 + ^f^2 = l + 42+182=225 

9. 1, 8, 27, 64, 125, 

7, 19, 37, 61 

12, 18, 24, 

6, 6, 

0, 

18* 
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Hence a = 1, rfj = 7, d^ = 12, £^ = 6, and d^ = 0. Substi- 
tuting in formula (6), 

. n(n~l)(f>~2)(n-8) 
"1" 1.2.8.4 ^ 

= n + }n«— }n + 2««— 6«« + 4n + in*— ^»» + JjLn« 

10. 1, 16, 81, 256, 625, 1296, 

15, 65, 175, 869, 671, 

50, 110, 194, 802, 

60, 84, 108, 

24, 24, ... . 

0, 

Hence, a = 1, rfj = 15, c^ = 50, <4 = 60, d^ = 24, and 
d^ = 0. Substituting in formula (B), 

n(n~l)(n-2)(n^8) n(n~l)(n-2) (n-3)(n-4) 

' 1.2.8.4 "» 1.2.8.4.6 

= n + J/n« — J/» + ^w« — 25n« + i^n + fn* — 15»« 
-f.jyL,ia_15n + in»— 2«* + 7n« — 10»«+^n 

~6 "*"?"^'J 80 

11. 1, 8, 6, 10, 15, 

^, t>, 4, O, • . • • 

X, JL, X, • • . • 

0, 0, 

Hence a = 1, (^ = 2, c^ = 1, «?« = 0, and n = 9. Substi- 
tuting in formula (B), 

'^ = » + rT|2 + i^=9 + 72 + 84=165 



SEBIES. 211 

12. The series is the same as in the 8th example; hence a=ly 
di=3, d2=:2, d^=zOy and n = 25. Substituting in formula (6), 

^ = 25 + ^^ 8 + ^V^^'q^^ 2 = 25 + 900+4600=5525. 

INTERPOLATION. 

(Art. 887, pp. 311-313.) 

3. First differences, .0207, .0205, .0203 
Second differences, — .0002, — .0002 

Hence a = 4, rfi = .0207, d^ = — .0002, and jo = 2.5. Sub- 
stituting in* the formula, 

^ = 4 + 2.5 X .0207 + ^A^^ (_ .0002) 
= 4 + .0518 — .0004 = 4.0514 

4. First differences, —.69, —.71, —.72 
Second differences, — .02, — .01 
Third difference, .01 

Hence, a =45.28, £^ = — .69, ^2 = — .02, e^ = .01, and 
p = 1^. Substituting in the formula, 

< = 45.28 + H-.69)+|^(-.02) 

= 45.28 — 1.035 — ,008 = 44.24 
The fourth term would be less than .01, for ^ = .01, 

5. Fh-st differences, ,051933, .050480, .049124 
. Second differences, — .001453, — .001356 

Third difference, .000097 

Hence, a = 3.556893, d^ = .051933, c^ = — .001453, 
(4 = .000097, and p = 1 J. Substituting in the formula. 
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t = 3.556893 + 1 (.051933) + § (— .001453) — ^ (.000097) 
= 3.556893 + .077899 — .000545 — .000006 = 3.634241 



6. First differences, .080, .086, 

Second differences, .006, .006 

Hence a = 1.145, d^ = .080, d^ = .006, and jo = 2^. Sub- 
stituting in the formula, 

< = 1.145 + f (.080) + t><J (,006) 

= 1.145 + .200 + .011 = 1.356 

If the work were carried out to four places of decimals, we 
should obtain 1.357. 



LOGARITHMS. 

TABLES OF COMMON LOGAMTHMS. 

(Art. 417, pp. 326, 327.) 

1. Obtained directly from Table II. 

2. log 49 = 1.690196 
log 15 = 1.176091 
log 735 = 2.866287 
log 10000 = 4 

log .0735 = 2,866287 

3. log 1728 = 3 log 12 = 3 X 1.079181 = 3.237543. 

4. Obtained directly from Table L, by Art 395. 
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(5.) 
log 1.17=: 0.068186 
log 2 = 0.301030 
log 2.34 = 0.369216 

(7.) 
log 3 = 0.477121 
log 107 = 2.029384 
2.447737 



. (9.) 
log 1038 — log 1037 = 418 
log 1.037 = 0.015779 
418 X .5 = ' 209 



log 1.0375 = 0.015988 

12. 3.010724 = log i025. 

(13.) 
Given log = 0.009663 
log 1.022 = 0.009451 
212 
212 -s- 424 = .5 
Hence 0.009663 = log 1.0225 



(6.) 
log 37 = 1.568202 
log 94 = 1.973128 
log }J = 1.595074 

(8.) 

log 81 = 1.908485 

log 5 = 0.698970 

2.607455 

log 23 = 1.361728 

log 17iJ = 1.245727 

(10.) 
log 1049 — log 1048 = 414. 
log 104.8 = 2.020361 
414 X .57 = 236 
2.020597 



(14.) 
Given log = 8.009264 
log 1021 = 3.009026 

238 
238 -^ 424 = .56 
Hence 3.009264 = log 1021.56 



EXPONENTIAL EQUATIONS. 

(Abt. 420, pp. 828, 329.) 

Given 3* = 15 

Applying log, a; log 3 =: log 15 

Whence, 



l^_15 107609^ 
log 8 0.47712 
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3. Given 5* = 100 

Appl. log, a: log 5 = log 100 

,^ log 100 2 OQ-- 

^««<^«» * = -^ = .699 = ^-^^^ 

4. Given al^ =.c 
Appl. log, log a + « log ^ = log ^^ 

Or, a: log 6 = log c — log a 

log c — log g 



Whence, 



Given 6* = - 



log 6 



Raising to arth power, 6* = (f )* 

Appl. log, log 36 = a: (log 5 — log 2) 

. log 86 _ 1.5568 

^^®^^®» ^ ~ log 5 — 1(^ 2 "" .699 — .801 

Or, a, = -55^ = 8.911 



8. Given — -^ — = n 

Whence, alf = dn — c 

Appl. log, log a + a: log b = log {dn — c) 
Whence, ^^ log(.n-c)-loga 



9. Given at^'-^ = l 

Appl. log, log a+ (»» — 1) log r = log / 

logZ — logg 



Whence, n — 1 



log r 



0-. -=ia^^+i 
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10. Given a (r^— 1) = {r — l)S 

Or, ar» = a4-(r— l)iS 

Appl. log, log a -[- »» log r = log [a + (** — ^ ) '^j 
Whence, ^ ^ log [a + (r-l)5]-loga 

logr 

11. Eliminating r from the two fundamental equations we ob- 
tain, as in the Table, Art. 344, 

/(^_Z)— i = a(^— a)"-^ 
Appl. log, 

log/+(n — l)log(5-0=loga + (n — l)log(5'-a) 
Or, (n— 1) \og (:S—a) _ (n— 1) log (S—l) = log / — log a 

Whence, n — 1 = ^ — ,^ ^^n^i^^o — ix 

^ log (6— a)— log (6 — I) 

^^ log Z — log a I , 

^' "* — log (5-a)-log (5^-0 ^ 

12. Eliminating a from the two fundamental equations we ob- 
tain, as in the Table, 

/r»_(r_l)^r— ^ = / 
Factoring, [Z r — (r — 1) aS'] r—^ = / 

Appl. log, log [/ r — (r — 1) ^] + (^ — 1) log r = log / 

Whence. « - 1 = log ^-log y>--(r-l)5] 

logr 
Or, ^^log^-log[/r-(r-l)5] 

' logr ' 

(Art. 421, pp. 329, 330.) 

2. Here, a: log a: = log 10 = 1, and upon trial the value of 
X is found to be between 2 and 3. 

a: log a: = 2 log 2 = 2 X 0.301 = 0.60 
a: log a: = 3 log 3 = 3 X 0.477 = 1.43 
Difference of results = .83 
.83 : 1 :: .43 : .5, the correction. 
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ar log X = 2.6 log 2.5 = 2.5 X 0.39794 = 0.99485 

X log X = 2.6 log 2.6 = 2.6 X 0.41497 = 1.07892 

Difference of results = 0.08407 

.08407 : 0.1:: .00515 : .006, the correction. 

x = 2.5 + .006 = 2.506 

3. The value of x is found bj trial to be exactly 4. 

4. Here x log x = log 5 = 0.699, and upon trial the value 
of X is found to be between 2 and 3. As in the 2d example, the 
difference of the results is found to be .83. 

.83 : 1 :: 0.1 : .1, the correction. 

X log X = 2.1 log 2.1 = 2.1 X 0.32222 = 0.6767 

X log X = 2.2 log 2.2 = 2.2 X 0.34242 = 0.7533 

Difference of results = .0766 

.0766 : 0.1 :: .0223 : .029, the correction. 

X = 2.1 + .029 = 2.129 

COMPOUND INTEREST AND ANNUITIES. 

(Art. 428, pp. 832-334.) 

1. Given ^^ a[(l + r)>-l3 

r 
Or, a(l + r)« = a + r^ 

AppL log, . loga + n log(l +r) = log (a + rA) 

\og(a'^rA) — loga 

"- log(l+r) 



Whence, 



2. Given . p^ a[(l + r)>--l] 

r(l+r)» 

Clear, of fract, r P (1 + r)» = a (1 + r)»— a 

Factoring, etc., (a — rP) (1 -j-r)* = a 

Appl. log, log (a — rP) +« log (1 +r) = log a 

Whence, log a-log (a-ri') 

log(l+r) 
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3. Here P = 1, A=2, and r = .06. Substituting in for 

mula (4), Art. 423, 

_ log_2-logJ _ 0.3010 _ „ Q 
log 1.06 "" 0.0258 "~ 

4. Here P= 16, r= .05, and n = 30. Substituting in 
formula (1), Art. 423^ log A = log ^6 + 30 log 1.05. 



log 16 = 1.204120 


log 70 = 1.845098 


30 log 1.05 = 0.635670 


log 69 = 1.838849 


1.839790 


6249 


log 69 = 1.838849 


941 -f- 6249 = .15 


941 


69 + .15 = 69.15 



5. Here P = 500, r = .03. and n = 18. Substituting in 
formula (1), Art 423, or in formula (B), 

log A = log 500 -f 18 log 1.03. 
log 500 = 2.698970 
18 l og 1.03 = 0.231066 
log 851.21 = 2.930036 

6. Here Pz= 2233.57, r = .06, and ^ = 4000. Substituting 
in formula (4), Art. 423 

3.602060 — 8.349000 .253060 



0.026806 .025306 



= 10 



7. log ^ = log 4000 = 3.602060 
n log (1 +r) = 10 log 1.06 = 0.253060 

log P = log 2233.57 = 3.349000 

8. log ^ = log 4000 = 3.602060 
log P= log 2233.57 = 3.349000 

10 )0.253060 
log (1 +r) = log 1.06 = 0.025306 

r = 1.06 — 1 = .06 
19 
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9. Here P=ly Az=z2y and r = .20. Substitatmg in formula 
(4), Art 423, 

_ log 2— log 1 _ (OOl _ 
log 1.2 0.079 ~ 

3.8 X 10 years = 38 years. 

10. Here a = 500, « = 10, and r = .06. Substituting in 
formula (D), 

'■=^^^^^ ....0«=f.,78m 

10 log 1.06 = 0.253060 
log 1.06 = 0.025306 log (.06 X 1.06") = 1.031211 . 

10 log .79085 = 1.898095 

log 1.79085 = 0.253060 0.866884 

log 500 = 2.698970 
log 3680.04 = 3.565854 

11. Here a = 1200 and r = .05. Substituting in formula 
(E), P=l!^ = 24000. 

12. Here r = .06, n = 10, and P = 3680.04. Formula (D) 

may be put in the foim 

_ rP(l + r)» 
"^-(l + r)*-! 

log r = log .06 = 2.778151 

log P = log 3680.04 = 3.565854 

log (1 +r)» = 10 log 1.06 = 0.253060 

2.597065 

From Prob. 10, log [(1 +r)» — 1] = T.898095 

log a = log 500 = 2.698970 

13. Here P = 8000, r = .05, and a = 850. Substituting 
these values in the formula of Prob. 2, 
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lo<r 850 — lojr 450 2.9294 — 2.6532 .2762 ,« aoj 



log 1.05 "" .02119 .02119 

= 13 years 12 days. 

14. Here a = 150, r = .015, and n = 22. Substituting in 
formula (C), 

^_ 150(1.015»— 1) 

^— :oi6 

log 1.015 = 0.006466 

22 150 X .88756 



log 1.38756 = 0.142252 .015 



= 3875.6 



GENERAL THEORY OF EQUATIONS. 

GENERAL PROPERTIES. 

DIVISIBILITY OF EQUATIONS. 

(Art. 435, p. 336.) 

3. (3i^'\-a^ — 17x + 15)-h(x—l)=a^'\-2x — l5, with 
no remainder. 

4. Ans. a;-4-2. 5. Ans. — 3. 

NUMBER OF ROOTS. 

(Art. 439, pp. 338, 339.) 
2. Dividing a:»— 19a;+30 by x—2, we obtain a:2-f-2a:— 15. 

Depressed equation, oc'^-^2x — 15 = 

Completing square, a:^-f-2a:-|-l=^16 

Evolving, ar-j- 1 := it 4 

Whence, a: = 3, and — 5 



220 KEY TO HIGHER ALGEBRA. 

3. It is evident that one root is a. Dividing «• — a' by a: — «, 
we obtain at^-^-ax-^aK 

Depressed equation, a^-^ax-^-a^^zO 

Completing square, a:*-|-aa:-f--T= j- 

Evolving, a: + 1 = -b I V=^ 

Whence, a; = | (— 1 i V^^) 

4. Dividing a^-^-a^ — 16aj-}"20 by a?-}- 5, we obtain 

a:« — 4a:+4. 
Depressed equation, x^ — 4a:-[-4=:0 
Evolving, X — 2 = 

Whence, x=2, and 2 

5. Dividing a^ — 3a:»— 14x' + 48a: — 32 by x—l and 
X — 2, or by a^ — 3a;-|-2, we obtain a^ — 16; hence the de- 
pressed equation isa:* — 16 = 0, ora:*=16, whence ag = -|- 4. 

6. Dividing a?* — 7a:" + 3a;+3 by «— 1, we obtain a^ — 6a:* 
— 6 a; — 3 ; hence the depressed equation is 

Ans. a:* — 6a:* — 6a: — 3 = 0. 

FORMATION OF EQUATIONS. 
(Art. 440, pp. 339, 340.) 

2. (x + l)(x + 3)(x + 5)=a:» + 9x» + 23a:+15. 

3. (a:— 1) (a: — 2) (a: — 3) (a: — 4) 

= ar* — 10 a:« + 35 ar^— 50 a: + 24. 

4. (x-l)(x-i)(a:-J)=a:»-V^+a:-i. 

5. (x— 4) (a: — 4) (a: — 5) = a:^— 13 a:* + 56 a: — 80. 

6. (a: — 5)(a:+2)(a: + 3)=a:» — 19a: — 30. 
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7. (x-l){x+l)(x-2){x+2) = (a^-l)(x'-i) 

8. (x — 0)(a:+l)(a:— 3)(x— 4)=a^— 6a:«+5a:a + 12a:. 

COMPOSITION OF COEFFICIENTS. 

(Art. 444, pp. 341, 342.) 

1. Ans. 0. (Art. 442.) 

2. —2 — 3—4 = — 9; hence — 8 a:* should be — 9 a:*, 

2x3 + 2x4 + 3x4=6 + 8+12 = 26. 
( — 2) (—3) (—4) = — 24. The second term is, therefore, 
the only one that should be changed. 

3. — 3 — 5 + 2 — f = — 6^ = — ^, and as the equation 
is of the fourth degree, the second term must contain a:*. 

(_3) (_5) (2) (_!)=_ 20, the last term. 

4. (_2)(— 3) + (— 2)4+(— 3)4=6— 8— 12=— 14. 

2X3 X(- 4) = — 24. 

5. — 1 — 2 — 3 = — 6; hence the second term is — 6 x*. 
1X2 + 1X3 + 2x3 = 2 + 3 + 6=11; hence the third 

term is 11 x. 

(— 1) (— 2) (— 3) = — 6, the last term. 

6. As the absolute term is wanting, at least one root must be 0. 
(Art 442.) As the term containing x is also wanting, two roots 
must be 0. Dividing by a:* — 0, or a:*, we obtain the 

Depressed equation, a:^+8a;+10 = 

Completing the square, a:^+8a:+16 = 6 

Evolving, ^ a: + 4 =: ± V6 

Whence, x = — 4 ± V6 

19* 
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7. — 3 — ( — 1 — 2) = = coefficient of second term. 
— 32 -^ [(— 1) (—2)] = — 32^-2 = — 16 = absolute term. 

Hence the depressed equation \s a^ — 16 = 0, whose roots are 
4and— 4. Ans-x*— 16 = 0. 

IMAGINARY ROOTS. 
(Art. 451, p. 344.) 

1. Dividing x^ ~\' a^ -{' 4: hj x -^ 2j we obtain a^ — x + 2. 

Depressed equation, a^ — a? -[- 2 = 

Completing square, a:* — ar-f-i = — i 

,^ l=b\/=^ 
Whence, x= ~ 

2. By Art 448, one of the other roots must be 4 — VSO. The 
product of two quantities with the signs changed is the same as 

the product of those quantities. The product of 4-|- V30 and 

4 — VSO is 16 — 30, or — 14. As there can be but three roots 
(Art. 436), the remaining root (Art. 441), must then be — 56 
-(-14) = 4. 

3. By Art 448, one of the other roots must be 24-2V2^ 
The sum of the pair of known roots is 4, and their product is — 4. 
The depressed equation may be obtained by either Art. 444 or 
Art. 439. If the latter method is used, it will be better to divide 

by [x— (2 + 2 V2)] [x— (2 — 2 \/2)], or x^ — 4a:— 4. 
Depressed equation, a^ — x — 2 = 
Completing square, a^ — a: -{- i = J 
Evolving X — ^ = ± J 

. Whence, a: = 2, and — 1 

4. By Art 447, one of the other roots must be — 1 — 3 ^—l ; 
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and the product of the pair of imaginary roots is 10. As there 
can be but three roots (Art 436), the remaining root (Art 441), 
is— 50-^10 = — 5. 

Ans, — 1 — 3V^^, and —5. 

DESCARTES' RULE. 

(Art. 455, pp. 346, 347.) 

1. It can have no negative root because it has no permanence 
of sign (Arts. 452, 433) ; and it can have no more than three 
positive roots because it has only three variations of sign. 

2. Whatever sign is used for the second term, there will be 
one variation and two permanences; hence there must be one 
positive root and two negative ones. 

3. Given ar^zbOa:^— 10a:-|-3 = 0. Whether the sign of 
the second term is taken as -]- or — there will in each case be 
two variations of sign and one permanence. 

4. Given a^ — 7a:^±0a: + 36:=0, in which there are two 
variations and one permanence. 

Ans. Two positive ; one negative. 

5. Given a^ — ac^z^Ox — 4=0. Taking the upper sign of 
X there is no permanence, and taking the lower sign there is but 
one variation ; hence there is no negative root and but one posi- 
tive root The remaining two (Art 436) must therefore be im- 
aginary (Art 453). 

6. There are four variations and one permanence. 

7. There are two permanences and no variation. 

Ans. Both negative. 
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TRANSFORMATION OF EQUATIONS. 
(Art. 457, pp. 347, 348.) 

2. Ans. a** + 2a:» — a: — 132 = 0. 

3. Ans. — 5, — 2, and 1. 

(Art. 469, p. 349.) 

All these equations may be transformed by a direct application 
of the rule found in Art 458. 

3. As the term containing 7^ is missing, — 7 must be multi- 
plied by 4*, and — 6 by 4*. 

4. Multiply — J by ^ and — 27 by (^)* for the coefficients of 
the transformed equation. 

(Art. 460, pp. 349, 360.) 

2. Assume the factor 2, that is, transform the equation into one 
whose roots are twice as great. As the second term is wanting, 
} X 2* and — J X 2* are the coefficients of the last two terms. 

3. Assume the factor 2 ; then the coefficients of the transformed 
equation are — 5 X 2, ^ X 2^ — ^ X 2«, and J X 2*. 

4. Assume the factor hn; then the coefficients of the trans- 
foiined equation are X ^w and jY^V^v^. 

5. Assume the factor 30 ; then the coefficients of the trans- 
formed equation are g\y X 30, — i X 30^ — s\y X 30». 

(Art. 461, pp. 350, 351.) 

1. The first form is — 6y* + 11 3^2 _ 6y + 1 = 0, and di- 
viding by — 6 we obtain y* — ^y^-\-y — 6^=^* 
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2. The first form is 2y*-f /— 3y^ — y-f 1 = 0, and dividing 
by 2 we obtain y* -j- J y' — Jy^ — ^y-[-i = 0. 

3. The first form is — A/ + f y* — 9^ + 1 = ^> ^^ di- 
viding by — ^, or multiplying by — 49, we obtain f^ — 42 y* 
-^441y — 49 = 0. 

4. The first form is 9 y* =t Oy^ — 4y -f- 1 = 0, and dividing 
by 9 we obtain y* — |y-[-J = 0. 



(Art. 


465, pp. 354-366.) 


1 —9 

+ 1 


(4.) 

+ 26 _24| + 1 
— 8 +18 


— 8 


+ 18 — 6 = t/ 


4-1 


— 7 


— 7 


+ 11 = tt' 


+ 1 

— 6 = <' 




Hence, according to Art. 463, the required equation is y* — 6y* 
lly — 6 = 0. 


1 —13 
+ 3 


(5.) 
+ 56 —80 1+8 
— 30 ■ +78 



— 10 


+ 26 — 2 = t/ 


4- 3 


— 21 


— 7 


+ 5 = «' 


+ 3 





— 4 = ^ 
Hence, according to Art. 463, the required equation is y* — 4^' 
+ 5y-2 = 0. 
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(6.) 




±0 


— 6 


± 


+ 4 -2 


— 2 


+ 4 


+ 2 


— 4 


— 2 


— 1 


+ 2 


= 1/ 


— 2 


+ 8 


— 14 




— 4 


+ 7 


— 12 = m' 




— 2 


+ 12 







+ 19 = t' 



— 8=/ 



Hence the required equation is y* — Sy'+^^y* — ^2y 
±0 = 0. 

All the above examples can also be performed according to the 
methods indicated in the first and second solutions of the 1st ex- 
ample. 

(Art. 466, pp. 366-858.) 
2. We substitute y-^-^for x,bs follows : 

1 - P + g |+ij> 
+hp -ip' 



— hP —^P' + 9 

±hP 

=hO 

Hence the required .equation i8y*±0y — ^jj^-\-q=:0. 
3. We substitute y — §, or y — 2, for x, as follows : 
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1-1-6 — 3 + 4| — 2 

— 2 — 8 +22 
+ 4 —11 +26 

— 2 '— _4 
+ 2 —15 

— 2 
iO 

Hence the required equation is y* i Oy* — 15y + 26 = 0. 

4. We substitute y + 1, or y + 2, for a:, as follows : 

1 —8 +19 —12 rb0| + 2 

+ 2 —12 +14 +4 

— 6 +7 +2 +4 
+ 2 — 8 — 2 

—4 — 1 =fc 

+ 2 — 4 

— 2—5 

±1 

Hence the required equation isy^iOy* — 5y*±0y+4 = 0. 

5. We substitute y + 2 for x, as follows : 



1 —8 


4-23 


— 30 


+ 15I+2 


+ 2 


— 12 


+ 22 


— 16 


— 6 


+ 11 


— 8 


— 1 


+ 2 


— 8 


+ 6 




— 4 


+ 8 


— 2 




+ 2 


— 4 






— 2 


— 1 






+ 2 








d=o 








Hence the required equation is y*± Oy*- 


-»*— 2y — 1 = 0. 
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6. We substitute y — ^ for ;r, as follows : 
1 



+1 


±0 


+ *; 


-* 


-i 


-1 


+ A' 




+1 


-1 


■+w 




-i 


-* 






+i 


-i 






-* 









Hence the required equation is y* ± Oy* — Jy+ V^ = ^• 

DERIVED POLYNOMIALS. 

(Art. 468, pp. 358, 859.) 

2. Ans. First, 8a:»— 9x2— 8a:+5; gecond, 24ar»— 18x — 8; 
third, 48a:— 18 ; fourth, 48. 

(Art. 469, pp. 359, 360.) 

2. Here r = 4 (Art 462). The successive derivatives of the 
first member of the given equation are 4 a:* — 243:*-}- 48 a: — 32, 
12ar» — 48a: + 48, 24 a: — 48, and 24. Hence 

i2 = r* — 8 r»+ 24 r^ — 32 r— 65 

= 256 — 512 + 384 — 128 — 65 = — 65 
/?j = 4r»— 24 r2 + 48r — 32 = 256 — 384 + 192 — 32 = 32 
j??2=12r* — 48r + 48 = 192 — 192 + 48 = 48 
/?8 = 24 r — 48 = 9 6 — 48 = 48 
/?4 = 24 
Substituting these values in formula (5), we obtain 
_65+32y + ^y2^VY + fl/ = 0,or 
y*+8/+24y2 + 32y— 65 = 
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3. We must here substitute y+5 for x (Art. 466), that is, 
/• = J (Art. 462). The successive derivatives of the first mem- 
ber of the given equation are Sa^ — 14a;, 6a; — 14, and 6. Hence 

B =r« — 7ra + 36 = Aft^ — a|a-|-36 = i^ 
iifi=3r^— 14r = ^— iyi = — A^ 
i22=6r — 14=14— 14 = 
B,= Q 
Substituting these values in formula (5), we obtain 
W— ¥-y=b03^ + fy« = 0, ory»— A?^ + W = 0. 

EQUAL ROOTS. 

(Arts. 471, 472, pp. 361, 362.) 
1. The greatest common divisor is thus obtained : 

4aH»— 42ar»-fl22a:— 84)4a:*— 56a:«-f-244ar*— 336ar+144(a: 
4a?*— 42a:»+122ar»— 84a: 



— 14a:»+122ar»— 252a;4-144 
2 

— 28a:»+244ar^— 504a:4-288 (—7 

— 28a:»-f-294ar*— 854x4-588 
_50 ) — 50ar*+350x— 300 

x"— 7a;+6 

ar^ — 7ar4-6)4a:» — 42a:^+122a; — 84(4a;— 14 
4a:« — 28a:2+ 24a: 

— 14ar*+ 98a: — 84 

— 14ar»+ 98a: — 84 

2. The first derivative of a^—Sa^-\- 13a: — 6 is 3ar»— 16a? 
+ 13. 

20 
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a«— 8a:«+ 13a: — 6 
3 



8xi_16aj4-13 ) 3a:»— 24a:»+ 39a: —18 ( x 

8a;»— 163:^4- ^^ 

— 8a:»+ 26a: —18 

3 

— 24ar^+ 78a: —54 ( — 8 
— 24 a:^4-^28a?— 104 
—50 )— 50x+ 50 

x — l) 3ar»— 16aH-.13 ( 3a>-13 
3a;'— 3a? 
— 13aH-.13 
— 13a>-j-13 

As a: — 1 is the greatest common divisor, then z — 1=0, or 
07= 1, and two of the roots of the original equation are 1. Di- 
viding a:* — 8a:*4"^^^ — 6 by (x — 1)', or a:* — 2a:--|:-l>we ob- 
tain X — 6 ; hence, x — 6 = 0, and a: = 6. Therefore the three 
roots are 1, 1, and 6. 

3. Thefirstderivativeofa:" — 7a:*+16a:— 12 i8 3a:« — 14ar 
-f 16. 

3*— 7a:»+16a: —12 

3 

3a:3— 14a;+l 6 ) 3a:»— 21a:4-48a: — 36 ( a: 
3a:«— 14a:'-i-16a; 

— 7ar*4-32a: —36 
3 

— 21a:»+96a:— 108 (—7 
— 21a;'4-^8ar— 112 

— 2) — 2a; + 4 

a: — 2 ) Sar^- 14a>-|-16 ( 3a:— 8 
3a^— 6a: 



— 8a>+.16 

— 8x4-16 
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As X — 2 is the greatest common divisor, then x — 2 = 0, or 
x=2, and two of the roots of the original equation are 2. Di- 
viding a:8_7ar^+16a:— 12 by (x — 2)«, or s^ — ix'\-4., we 
obtain x — 3 ; hence x — 3 = 0, and a: = 3. Therefore the three 
roots are 2, 2, and 3. 

4. The first derivative of a^ — »• — 18a:^ + 52a: — 40 is 
4a:8_3a:2_36a:+52. 

a^— x^— 18ar»+ 62a?— 40 

4 

4a:8_3a:2— 36a: + 52) 4x* — 4a:»— 72ar^ + 208a:— 160(a: 
4a:4_3a^_ 36ar^+ 52a; 

_ aJ»— 36ar*+ 156a:— 160 

4 

_4aJ»_ 144 ar*+ 624a:— 640(—l 
— 4aH^+ 3a:^4- 36a:— 52 
— 147 ) — 147ar^ + 588a: — 588 
a:2_ 4,x+ 4 

a:2_4a: + 4)4a:»— 3ar» — 36a: + 52 (4a:+ 13 
4a;«— 16ar'+16a; 

13a:2_52a: + 52 
13a:^ — 52a: + 52 

As a:^ — 4 a: -f- 4 is the greatest common divisor, then x^ — 4 a: 
-[- 4 = 0, or (a: — 2)^= 0, whence a: = 2 and 2, and three of the 
roots of the original equation must be 2. Dividing a:* — a^ — 18a:^ 
+52a:— 40 by (a:— 2)«, or a:*- 6ar*+12a:— 8, we obtain a:+5; 
hence a: -f- ^ = 0, and a: = — 5. Therefore the four roots are 2, 
2, 2, and — 5. 

5. The first derivative of a:«— 13a:* + 67a:«— 171ar» + 216a: 
— 108is5a:* — 52a:» + 201ar» — 342a: + 216. 
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aj»— I3x«+ 67x»— 1712*+ 216x— 108 

5 

5x*— 62x»4-20l2*— 842x\5x»— 66x*+836x»— Sobx'-\-10S0x— 540(x 
+216 / 5x*— 52x^4-201g'— 342a:«-f 216x 

— 18x*+l84x»— 6182*-|- 864x— 640 

5 

— 66x*+670x*— 2665x*+4320x— 2700( — 13 
~65a?*-}-6 76x'— 26 1 3x*-f 444Cx— 2808 
—6) — 6x»+ 48x*— 126x+ 108 
x»— 8x*-|- 21x— 18 

a^.-Sx^^2lx—lS ) 5x*—52a:»+201x»— 342^+216 ( 5a>— 12 
5g*— 40g«+105a:«— 90a; 
— 12a:«+ 96ar^— 252a:+216 
— 12a:«+ QGg'— 252av+216 

As a^ — Sa^^21x — 18, the greatest common divisor, is of 
the third degree, it must be compared with its own derivative, 
Sa:^— 16a:+21. 

a:»_ Sa^+ 21a>— 18 

8 

3ar»— 16aH-.21 ) 3a:«— 24a;2+ 63a>— 54 ( x 
8x°— 16^^+ 21a; 

— Sx^+ 42as- 54 

3 

— 24ar'+126a;— 162 (—8 
— 24ar^+128a;~168 
_ 2)— 2x+ 6 



a;— 3 ) 3a:a— 16aH-.21 ( 3a;— 7 
3a:^— 9a; 

— 7a4-21 

— 7aH-21 

Then a; — 3 = 0, ora; = 3; hence two of the roots of a;* — 8 a:* 
+ 21 a; — 18=0 are 3, and three of the roots of the original 
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equation must be 3. Dividing a? — 8a:2 + 21 x — 18 by {x — 3)^, 
or a:^ — 6 a: -f- 9, we obtain x — 2 ; hence x — 2 = 0, and a;= 2. 
One root of the equation a;' — %x^-\-2\x — 18 = is then 2, and 
the four roots of the original equation are 2, 2, 3, 3, and 3. 

6. a?*-|-3a:»— 13ar*— 27aH-36 
ar*— 3a:»— 1 3ic^4-27a>-f36 
6a; )6a:» —54a ? 

"1? — 9) a;*+3a:«— 13ar»— 27a;-f36 ( a:2-j-3as-4 

7^ — 9a:^ 

^a»— 4a:2— 27x 
3x» _27a: 



— 4a:2 ^36 

— 4^ +36 



It is evident that the original equation has thus been separated 
into ar* — 9 = and ar* + 3a: — 4 = 0. 

The solution of the former gives a; = it 3, and of the latter 
gives X =1 and — 4. 

SIGNS OF POLYNOMIAL FUNCTIONS. 

(Art. 474, pp. 363, 364.) 

2. Here, a:=l gives X=7, and a: = 2 gives X= — 1; 
hence one root lies between 1 and 2, that is, its integral part is 1. 

Again, x = 6 gives Xz=. — 1, and x=Q gives Xz= 27 ; hence 
one root lies between 5 and 6. 

By Descartes' Rule (Art. 452) and Art. 450, it is evident that 
the remaining root is negative. a:=0 gives X=z 9, and x= — 1 
gives X= — 1 ; hence one root lies between and — 1. 

Ans. One root lies between 1 and 2, one between 5 and 6, and 
one between and — 1. 
20* 
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STURM'S THEOREM. 

(Art. 481, pp. 368-371.) 

2. The first derivative of a?*— 3a:»+3a:* — 3a:+f is As^ 
— 9a:2+6a: — 3. 

a?*— 3a:»4- 3a:«— 33?+ f 

4 

4a:»— 9a:^+6a:— 3)4x* — 12a:»+12ar»— 12a:+10(x 
4a?^— 9a:»-j- ^x"— 3a; 

— 3a:»4- 6a:2_ 9a;-j-l0 

' 4 

— 12a:»4-24a:2_363,_|_4Q(_3 

— 12a:»- f27g^— 18a;+ 9 

— 3ar»— 18x4-31 
Therefore Xj= 3a:2^ig^_3i 

4a:«— 9a:»+ 6a:— 3 
3 



3a:^+18a:— 31 ) 12a:»— 27ar»+ 18a:— 9 ( 4ar— 33 
12a;»+72ar^— 124a: 
— 99a:«+142a:— 9 
— 99a^>— 594a?4-1023 
8 ) 736a:— 1032 

92x— 129 .-. -X'3=— 92a:+129 

3ar*+ 18a:— 31 

92 

— 92 a:+ 129) 276ar*+ 1656a:— 2852 ( — 3a: 

276 a:^— 387 a: 

2043 a:— 2852 
92 



187956 X — 262384 ( — 2043 
187956 ar — 263547 

1163. -.^4 = — 1163 
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3. The first derivative of a^ — x^ — 2x'-\-l is 3a:* — 2a:— 2. 
a^— x'— 2a:+l 



— 2x — 2)3a^ — 3a^— 6a; + 3(a: 




Sa*—23?— 2x 




— x'— ix-\-3 




3 




— 3x«— 12a: + 9(- 


-1 


— 3a^+ 2a: + 2 




7)_14a: + 7 




— 2a: + l 






3aJ>_2a;— 2 




2 


2a: — 1) 


iGar"— 4x — 4( 




6a:« — 3x 




— X — 4 




2 




— 2x— 8(- 




— 2x4-1 




— 9 


Hence X = a*— x' — 2x-\-l; 


^ = 2x — 1; 


Xi = 3x*—2x —2; 


:sr, = -f9. 


JL Ji-i -Aj -Ag 




X = — CP, 1- — +, 


3 variations. 


x = -2, - H H. 


3 variations. 


x = -l, + + _ +, 


2 variations. 


x = 0, + +, 


2 variations. 


x=l, + +, 


1 variation. 


x = 2, + + 4- +, 


no variation. 


a; = +oo, + + + +, 


no variation. 



Bj the substhution of — a> and -f- ^ ^or x, we obtain a differ- 
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ence of three variations ; hence the three roots are all real. Sub- 
stituting for X we find that one variation is lost between — oo 
and 0, and two between and -|- oo ; hence one root is negative 
and two positive. By substituting other numbers for x we find 
that one variation is lost between — 2 and — 1, one between 
and 1, and one between 1 and 2. 

4. The first derivative of a:" — 7x+7 is 3 a* — 7. 



a»— 7 


x+ 7 


37^— 7 




S 


2 


8a:»_7)3a*— 21 


x+21(a; 2x- 


-3)6a:»— 14(3a: 


3a;»— 7 


X 

x + 21 


^x'—^x 


7) — 14 


9a?— 14 


— 2 


*+ 8 


2 

18a: — 28(9 
18ar— 27 
— 1 


Hence, X = 


= a^_7x4.7; 


^2=2a: — 3; 


X,= 


= 3a^ — 7; 

Ji. Ji-i Ji.2 -^3 


X, = J^\. 


x = —ao, 


- + - +. 


3 variations. 


x = -i, 


- + - +, 


3 variations. 


x = — 3, 


+ + - +. 


2 variations. 


x = 0, 


+ — +, 


2 variations. 


x=l, 


+ — +. 


2 variations. 


x = 2, 


+ + + +» 


no variation. 


a; = + 00, 


+ + + +. 


no variation. 


By substituting — 


- 00 and -|- oc we learn that all three of the 


roots are real ; and 1 


by substituting other values of x we learn that 


one variation is lost between — 4 and — 3 and the two others be- 


tween 1 and 2. 
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5. The first derivative of x* — 2a:»— 5 a:»4- 10a? — 3 is 
40:* — 60:^ — 10 a: -|- 10, and casting out the factor 2 we have 
2a:»_3ar» — 5a: + 5. 

ar* — 2aJ» — 5a:a4-10a; —3 

2 

2aj« — 3a:« — 5a: + 5)2a?* — 4a:»— 10ar^ + 20x — 6(ar 
2g^ — 3a:»— 5x^4- ox 

— 7?— 5x2+15ar —6 
2 

— 2x« — 10a:»+30ar— 12( — 1 

— 2a:»+ 3x»+ 5a:— ^ 5 

— 13a:« + 25a:— 7 

2a^ _3ar» _ 5a? + 5 

13 

13a?« — 25a? + 7)26a?» — 39a?» —65a? +65(2a? 
26a?« — 50y» 4-14a? 

lla?» —79a? +65 
13 



143 ««- 


-1027: 


r + i 


845 ( 


11 


143 ar" 


— 275: 


« + 


77 




16) 


— 752: 


^ + ' 


768 






— 47: 


« + 


48 




-25 a: 


+ 7 
47 









47 a: — 48)611a?2— 1175x + 329(13a: — J^V^ 
611 ar»— 624 a? 

— 551 a: + 329 

— 551 a: + 
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Hence, X =7^^ 


.2a:* — 5ar»4-10ar 


-3; 


^3 = 47 a: — 48; 


X,= 22f- 


-3a:« — 5a: + 5; 




^4 = +. 


J^rrzlSar" 


— 25a: + 7; 








X. -Xi 2L^ JC^ 


X, 




X = 00, 


+ - + - 


+. 


4 variations. 


x = — S, 


4- - + - 


+, 


4 variations. 


a:=-2. 


___!__ 


+. 


3 variations. 


x = 0, 


- + + - 


+. 


3 variations. 


x=h 


+ 


+. 


2 variations. 


x = % 


+ + 


+, 


1 variation. 


a: = 3, 


+ + + + 


+. 


no variation. 


a: = + oo. 


+ + + + 


+. 


no variation. 


By substituting 


— 00 and -|-od we 


learn that all four of the 


roots are real ; and 


by substituting other values of x we leam that 


the variations are 


lost between — 3 and — 2, 


and 1, 1 and 2, 


2 and 3. 









6. Thefirstderivativeof a*— 2 a: — 5 is 3ar» — 2. 

a:»— 2a;— 5 Sa^a _ 2 

3 4 



3ar»— 2)3a:»— 6a;— 15(ar 4a;+15)12a;« — 8 (3a; 
3a:»— 2a: 12a:2 +45a: 



— 4a;— 15 —45a; — 8 

4 



— 180a:— 32 (—45 

— 180a:— 675 

+ 643 

Hence, -X" =a:* — 2a: — 5; -X2=4a:+15; 

Xi=3a:» — 2; -X'8 = — 643. 
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Ji. Jlj JL^ Ji^ 

x = — 00, — -|- — — , 2 variations. 

x = 0, — — -|- — ^ 2 Tariations. 

x = 2, — "h "h — > 2 variations, 

a: = 3, "h "h "h — f ^ variation. 

a: = + 00, -f- -|- -|- — , 1 variation. 

As only one variation is lost between — oo and -j- oo, there can 
only one real root, and this is found, by substituting other values 
for Xy to lie between 2 and 3. 

7. The first derivative of 2a;* — 3a:»4- 17a:«— .3a:+ 15 is 

Sa^—dx'+S^x — S. 

2ar* _3a:» +17x2 _g^ ^^^ 
4 

8x»— 9ar*+34iF— 3)8a:* — 12a:» +68x2 — 12x +60(x 
8x*— 9x» +34x2 — 3x 

— 3x» +34x2 _ 9a, ^eO 
8 

— 24x« + 272x2 _72x + 480( — 3 

— 24x« +27x2— 102x ^_ 9 

245x2 +30X + 471 
8x» —9x2 ^S4x —3 

245 

—245x2— 80x—471)1960x» —2205x2 ^8330x — 735(— 8x 

1960x» + 240x 2 +3768X 

— 2445x2 +4562X — 735 

49 



— 119805x2+223538x— 36015(489 

— 119805x2— 14670X— 230319 



128 )238208x+19430 4 
1861X+ 1518 
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— 245x« —30 a: —471 

1861 



— 1861a:— 1518) — 455945 x«— 55830a: — 876531 ( 245a; — 

— 455945 a:*— 871910a; 

316080a: — 876531 
+ 

It is evident that the remainder will be — j and therefore ^ 
must be -l~* 

Hence A' =2a:*— 3a:»+17ar»— 3aH-15; J^ = — 1861a>-1518; 
JKi=8a:»— 9a:«+34x— 3; -X; = +. 

X, = — 245 a:*— 30 a:— 471; 

^ ^1^ .n^ ^^ <^^ 

x = — 00, -{- — — + +> 2 Tariations. 

x = -{-(x>, -f'-f' — — "f"? 2 variaticttis. 

As no Tariation is lost between — oo and -f- oo> there can be no 
real root 

8. Thefirstderivativeof a:* — 4a:" — 3a:4-27 is 4a:»— 12a:* 

— 3. 

a:*— 4a:»— 3a: +27 
4 



4a:*— 12a:* — 3)4a:*— 16a:*— 12a: +I08(a:— 1 
4a:*— 12a:*— 3a: 



_ 4a:*— 9a: +108 

— 4a:*+12a:*+ 3 
3) — 12a:*— 9a: +105 

— 4a:*— 3a: + 35 
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4aJ-|-3ar — 35)4a»— 12a:« — S(x 
4a!«+ Sx' — 35x 



— 15a:* +35a: 


— 3 
4 
— 12( — 16 


— QOa?-\- 


140 X 


— 60a^ — 


45X + 525 




185 X- 


-537 


4a^ + Sx 


— 35 
185 




_185x + 587)740««+ 555a;- 


-6475 


(-4x-J«^ 


740** — 2148 ar 






2703 X- 


-6475 




2703 X- 


-7846 


+ 


• + 




Hence X =a;« — 4a* — 3a;4-27; 


x,= 


— 185x -1-537; 


X;=4a;» — 12 a;* — 3; 


X,= 


■ '• 


jri,= 4a;* + 3a: — 85; 






JL JLi JL^ ^8 


X, 




a: = -oo, + - + + 


J 


3 variations. 


x = 0, ' + + 


> 


3 variations. 


x=l, + + 


— , 


3 variations. 


x = 2, + + 


9 


3 variations. 


x = S, \- — 


— , 


2 variations. 


x = 4, + + + _ 


— , 


1 variation. 


x = + oo, + + + _ 


9 


1 variation. 



As only two variations are lost between — oo and -|- oo, there 
can be only two real roots. By substituting other values for x, 
these variations are found to be lost between 2 and 3, and 3 
and 4. 

21 
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SOLUTION OF HIGHER NUMERICAL 
EQUATIONS. 

COMMENSURABLE ROOTS. 

(Art. 485, pp. 873-376.) 

8. It is evident, by Descartes' Rule (Art. 452), that there can 
be no positive root. The onlj negative integral divisors of 6, the 
absolute term, are —^ 1, — 2, — 3, and — 6. 

Divisors, —1, —2, —3, — 6 

1st Quotients, 

Quotients + 11, 
2d Quotients, 

Quotients -|- 6, 
8d Quotients, — 1, — 1, — 1 

Quotients + 1, 0, 0, 

Hence the divisors — 1, — 2, and — 3 are the three roots of 
the equation. 

The three roots may also be obtained by Art. 484, as in the 
solution of Example 1. 

4. As the sum of the coefficients is not 0, 1 cannot be a root. 
The substitution of — 1 also proves that it is not a root The 
remaining divisors of — 12, the absolute term, are zb 2, ± 3, ± 6, 
and zfc 12. 



— 6, 


-3, 


-2, 


— 


1 


+ 5, 


+ 8, 


+ 9. 


+ 


10 


-5, 


-4, 


— 3 




+ 1, 


+ 2, 


+ 3 
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Divisors, +12, +6, +3, + 2, —2, —8, —6, —12 

1st Quotients, — 1, —2, —4, — 6, +6, +4, +2, + 1 

Quo. — 4, — 5, —6, —8, —10, +2, 0, —2, — 8 

2d Quotients, — 1, — 5, — 1, 

Quotients + 8, +2, — 2, +2, 3^ 

3d Quotients, — 1, — 1, — 1 

Quotients -|- 1, 0, 0, 

Hence the divisors 2, — 2, and — 8 are the three roots of the 
equation. 

5. It is evident, by Descartes* Rule, that the equation can 
have no negative root 

Pos. Divisors, +15, +5, +3, +1 

1st Quotients, +1, +3, +5, +15 

Quotients —20, —19, —17, —15, — 5 

2d Quotient, — 5, — 5 

Quotient + 28, +18, +18 

3d Quotient, +6, +18 

Quotient— 9, — 3, +9 

4th Quotient, _ 1, + 9 

Hence the divisor 3 is the only commensurable root of the 
equation. 

6. As the sum of the coefficients is not 0, 1 can not be a root 
of the equation. We next make trial of 2, according to Art 484. 
Dividing the first member by a; — 2, 

1 _3 +1 +2|+2 
+ 2 —2 —2 

1—1—1, 
we obtain x^ — x — 1 , and no remainder ; hence 2 is a root of the 
equation, and oc^ — x — 1=0 contains the other two roots. 
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Depressed equation, a:* — x — 1=0 
Completing square, as* — a: -}- i = f 
Whence, a: = ^±^^5 = 1.618, or —0.618 

7. It is easily proved by substitution that -|- 1 ai^d — 1 are 
not roots. 

+ 32, +16, +8, +4, + 2, — 2, — 4, — 8, —16, —32 

+ 1, + 2, +4, +8, +16, —16, _ 8, - 4, — 2, — 1 

— 7,-6, —4, 0, + 8, —24, —16, —12, —10, — 9 

2d Quotients, 0, + 4, +12, + 4 

Quotients + 0, 0, + 4, +12, + 4 

3d Quotients, 0, + 2, — 6, — 1 

Quotients — 4, — 4, — 2, —10, — 5 

4th Quotients, — 1, — 1> + ^ 

Quotients +1, 0, 0, 6 

Hence the divisors 4 and 2 are the only commensurable roots. 

Dividing a;* — 4 a:* — 8 a: + 32 by ap — 4 and by x — 2, or by 

a:«— 6ar + 8, we obtain ar» + 2 a: + 4. 

Depressed equation, a:" + 2a: + 4 = 
Completing square, a:*+2a;+l.= — 3 
Whence, a: = — 1 db V^^ 

8. It is easily proved that + 1 and — 1 are not i^oots. 

Pos. Div., + 36, + 18, + 12, + 9, + 6, + 4, + 3, + 2 

1st Quo., + 1, + 2, + 3, +4, +6, +9, +12, +18 

Quo. + 0, + 1, + 2, + 3, +4, +6, +9, +12, +18 

2d Quotients, +1, + 4, + 9 

Quotients— 7, —6, — 3, + 2 

3d Quotients, —1, _ i, + 1 

Quotients + 1, 0, 0, 2 

Hence 6 and 3 are roots of the equation. 
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Neg. Div. —2,-3, —4, —6, —9, —12, —18, —36 

1st Quotients, —18, —12,-9, — 6,-4, — 3, — 2, — 1 

Quo. +0, —18, —12, —9, —6, —4, — 3,-2,-1 

2d Quotients, + 9, + 4, -f- 1 

Quo. _7, -|- 2, — 3, —6 

3d Quotients, — 1, +1, +1 

Quo. +1, 0, 2, +2 

Hence — 2 is a root of the equation. 

9. By Descartes' Rule it is evident that there can be no nega- 
tive root. 

Positive Divisors, +1, +2, +4, +8 

1st Quotients, — 8, — 4, — 2, — 1 

Quotients + 10, +2, +6, +8, +9 

2d Quotients, +2, +3, +2 

Quotients — 6, — 4, — 3, — 4 

3d Quotients, — 4, — 1 

Quotients -f 1, —3, 

Hence 4 is the only commensurable root of the equation. 

Dividing a:*— 6ar»-|-10a:— 8 by x — 4, we obtain a^ — 2x+2. 

Depressed equation, a^ — 2x4-2 = 
Completing square, 3^ — 2x-|-l = — 1 
Whence, a; = 1 =t V— 1 

10. It is easily proved that 1 and — 1 are not roots. The 
number of divisors of 180 is too great to use them all at once ; 
hence we select the smaller ones. 

21* 
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Divisors, 4- 5, + 4, + 3 , + 2, — 2, — 8, — 4, — 5 

1st Quo., +36, +45, +60, +90, —90, —60, —45, —36 

Quo.— 9, +27, +36, +51, +81, —99, —69, —54, —45 

2d Quotients, + 9, +17, +23, +9 

Quo. —29, —20, —12, — 6, —20 

8d Quotients, — 5, — 4, +2, +4 

Quo. + 1, —4,-3, +3, +5 

4th Quotients, _ 1, — 1, — 1, _ 1 

Quo. +1, 0, 0, 0, 

Hence 4, 8, — 8, and — 5 are the four roots of the equation, 
and there is no necessity for trying the other divisors of 180. 

11. It is evident, by Descartes' Rule, that there ciOi be no 
negative root. 

Positive Divisors, +6, +3, +2, +1 

Ist Quotients, — 1, — 2, — 3, — 6 

Quotients + 11, +10, +9, +8, +5 

2d Quotients, ' +3, +4, +5 

Quotients — 6, —3, —2, — 1 

8d Quotients, — 1, — 1, — 1 

Quotients +1, 0, 0, 

Ans. 3, 2, and 1. 
It is evident that the roots of the above equation are the same 
as those of the 3d, with their signs changed. (Art. 457.) 

12. Putting X = ^, we obtain (Art 460), 

yB_8ya_9y + 72 = 0, 
whose coefficients are entire, that of the first term being 1, and 
whose roots are twice as great as those of the given equation. 
After trying 1 and — 1, we select the smaller divisors of 72 
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Divisors, +8, -|- 6, + 4, + 3, + 2, — 2, — 3, — 4 
IstQuo., +9, +12, +18, +24, +36, —36, —24, —18 

Quo. —9, 0, + 3, + 9, +15, +27, —45, —33, —27 
2d Quo., 0, +5, +11 

Quo. —8, — 8^ — 3, + 3 

3d Quo., —1, — 1, — 1 

Quo.+l, 0, 0, 

Hence 8, 3, and — 3 are the roots of the transformed equation, 
and the roots of the given equation are one half as great, or 4, |, 
and — |. 

13. Putting X = ^, we obtain (Art. 460), 
y^_3y«_|.32y_96=0. 

Selecting the smaller divisors of — 96, 
Divisors, + 3, + 2, + 1, — 1, — 2, ^ 3 

1st Quotients, —32, —48, —96, + 96, +48, +32 

Quo. + 32, 0, — 1 6, —64, +128, + 80 , +64 

2d Quotients, 0,-8, —64, —128, —40 

Quo. — 3, —3, —11, —67, —131, —43 

3d Quotients, —1, —67, +131 

Quo.+l, 0, —66, +132 

Hence 3 is a root of the transformed equation. Dividing 
y»_ 3ya_[. 32y _ 96 bj y — 3, we obtainy» + 32. 

Depressed equation, y^ + 32 = 

Whence, y = =t V— 32 = =t 4^/1^2 

The three roots of the transformed equation are therefore 3 and 
-^ 4 V — 2, and those of the original equation must be one half as 
great, or | and ib 2 V — 2. 

14. It is easily proved that 1 and — 1 are not roots of the 
equation. The other divisors of — 16 are it 2, =t 4, =t 8, dz 16. 



-2, 
-4, 


+ 2 



-2, 





— 2, 
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Divisors, +16, +8, +4, +2, —2, —4, —8, —16 

1st Quotients, — 1, —2, —4, —8, +8, +4, +2, + 1 

Quo. + 0, — 1, —2, —4, —8, +8, +4, +2, + 1 

2d Quotients, — 1, — 4, — 4, — 1 

Quotients -|- 0, — 1, — 4, — 4, — 1 

dd Quotients, 

Quotients — 2, 
4th Quotients, 

Quotients -f- ^j 
5tli Quotients, — 1, 

Quotients +1, 0, +1 

Hence 2 is the only commensurable root of the equation. 

INCOMMENSURABLE ROOTS. 
HORNER'S METHOD. 

(Art. 490, pp. 878-380.) 

1. The first derivative of a^ — a^—2x+l is3ar»— 2a: — 2. 

a^— ar»— 2a: + l 
3 



33^ — 2x — 2)3af' — 3x'— 6a:+3(a? 
3a^ — 2a^— 2x 

_ ars— 4a; + 3 
3 



— 3ar^— 12a: + 9( — 1 

— 3ar^+ 2a: + 2 

7)-.14a: + 7 
— 2a:+l 
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Sq^—2x — 2 
2 



2a:--l)6aJ» — 4a? — 4(3x 
6a:' — 3a? 
— « — 4 
2 









— 2 


a: — 8( — 1 








— 2 


x+l 
— 9 


Hence X = «• - 


-a^ 


— 2*4- 


1; .Xi = 2a;— 1; 




Xi=3a:* 


— S 


!« — 2; 


:s. =+9. 






X 


X, X, 


-X. 


« = 


;— 00, 


— 


+ - 


-j-, 8 variations. 


x = 


-2, 


— 


+ - 


-f-, 3 variations. 


x = 


-1, 


+ 


+ - 


-|-, 2 variations. 


x = 


0, 


+ 





-|-, 2 variations. 


x = 


1, 


— 


- + 


+, 1 variation. 


X = 


2, 


+ 


+ + 


-f-> no variation. 


X = 


+ *, 


+ 


+ + 


-f-j no variation. 


1 


— 1.0 




— 2.00 


4- 1.000 1 .4 




.4 




— .24 


— .896 




— .6 




— 2.24 


.104 




.4 




— .08 






— .2 




— 2.32 






.4 










.2 








1 


+ .20 




— 2.32 


+.104 1 .04 




.04 




.01 


— .092 




.24 




— 2.31 


.012 




.04 
.28 




.01 
— 2.30 


|L' = .o„5 



Hence the second root is .445. 
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1 


+1 


— 2 — 1|1. 




1 


2 




2 


—1 




1 


s 




8 


S 




1 






4 




1 


+ 4.00 


+ 3.00 — 1.000 1^ 




.2 


.84 .768 




4.2 


8.84 —.232 




.2 


.88 




4.4 


4.72 




.2 


- 




4.6 




1 


+ 4.60 


+ 4.720 — .2320 |. 04 




.04 


.186 .1962 




4.64 


4.906 .0358 




.04 


.187 




468 


6.093 




5.093 



Hence the third root is — 1.247. (Art 488.) Instead of going 
through the operation as above, the last root may be found by sub- 
tracting the sum of the other two from 1. (Art 441.) 

2. As the term which precedes the missing term has the same 
sign as that which follows it, there must be' two imaginary roots. 
By trial (Art. 474), the two real roots are found to lie between 2 
and 3, and 3 and 4. 
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1 —4 


±0 


— 3 


+ 27 13.67963 


3 


— 8 


— 9 


— 36 


— 1 


— 3 


— 12 


• — 9.0000 


3 


6 
3 


9 


6.5876 


2 


• — 8.000 


• — 2.4624 


8 


15 


18.896 


2.1402 


5 


• 18.00 


10.896 


• — .3222 


8 


5.16 


17.208 


.8008 


•8.0 


28.16 


• 28.104 


• 0214 


.6 


5.52 


2.470 


.0203 


8.6 


28.68 


80.574 


• — .0011 


.6 


5.88 


2.522 


.0010 


9.2 


. •84.56 


• 33.096 




.6 


.73 


.832 




9.8 


35.29 


33.428 




.6 


.74 


.838 




• 10.40 


36.03 


•33.8 




.07 


.74 






10.47 


•86.77 




.07 


.09 







10.54 36.9 

In the aboTe operation the first decimal figure must be obtained 
by trial. (Art 490.) 

3. By Descartes' Rule (Art 452), it is evident that there can 
be but one positive root ; and this is found by trial (Art 474), or 
by Sturm's Theorem, to be between 2 and 3. 
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I 2.09455 



±0 


— 2 




-5 


2 


4 
2 




4 


2 


• _ 


-1.0000 


2 


8 




.9493 


4 


• 10.000 


• _ 


-.0507 


2 


.548 




.0445 


•6.00 


10.548 


• . 


-.0062 


.09 


J}56 




.0056 


6.09 


• 11.104 


• _ 


-.0006 


.09 


.025 




.0006 


6.18 


11.129 




.09 


.025 







• 6.27 ♦ 11.2 

That the above root is the only real one, may be proved by 
Sturm's Theorem, thus : 

JS:=ar» — 2ar — 5; -^ = 4ar+15; 

Xi=3a:« — 2; -X;=— . 

JL Ji-i JLg Jl^ 

x = — 00, — + — — , 2 variations, 

a: = 2, — + + — » 2 variations. 

x = S, + + + — y 1 variation. 

a: = + oo, + + + — > 1 variation. 

4. By Sturm's Theorem it is easily proved that the equation 
has but one real root, lying between 7 and 8, as follows : 

Z=a:« + a:«— 500; .X2 = a: + 2250; 

Jfi=3ar» + 2a:; -Xi = — . 
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JL Ji-i JL^ ^ 

x = — 00, — -{- — — , 2 variations, 

a: = 0, — ^ 4~ — i 2 variations* 

X = 7, — -j- -j- — , 2 variations. 

x = S, "f" "1" H" — y 1 variation. 

x = + oo, -j--j_-j- — ^ 1 variation. 

In order to find one rooty it would only be necessary to substi- 
tate different positive numbers for a; in ^ until the sign is found 
to change (Art 474), and Descartes' Rule proves that there can 
be only one positive root (Art. 452). The use of X^y X^ and X^ 
proves that there can be no negative root, and that the other two 
roots are imaginary. 



+1 


±0 


— 600 17.61728 


7 


56 
56 


392 


8 


• — 108.000 


7 
15 


105 
• 161.00 


104.736 
• — 3.264 


7 


13.56 


1.887 


•22.0 


174.56 


* — 1.377 


.6 


13.92 


1.324 


22.6 


• 188.48 


• — .053 


.6 


.24 


.038 


23.2 


188.72 


• — .015 


.6 


.24 


.015 


•23.8 


* 188.96 
.17 





189.1 

6. By Sturm's Theorem it is easily shown that the equation 
has one negative root and two positive roots, both of the latter 
lying between 1 and 2. 
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X =a* — 7x'\-7; -X;i = 2a? — 3; 
XizzzSx^ — l; -3^ = 4-1. 

JL JLi Jk^ Jl^ 

X = — 00, — -|" — "l"> ^ variations. 

X = 0, + — — 4"> 2 variations. 

x=I, 4" — — "l"> 2 variations. 

X = 1.5, — — ^ +> 1 variation. 

X = 2, "i" 4" "h "f"> ^^ variation. 

X = -|" *^> "h "J" "J" "j"> "^ variation. 

Bj substituting 1.4, 1.8, 1.6, and 1.7 for x it is found that the 
second figures of the two positive roots are .3 and .6. 

1.3569 



±0 


— 7 


+ 7 


1 


1 

— 6 


— 6 


1 


•1.000 


1 


2 


— .908 


2 


• — 4.00 


• .0970 


1 


.99 


— .0866 


•8.0 


— 3.01 


• .0104 


.8 


1.08 


— .0090 


3.8 


• — 1.930 


• .0014 


J8 


.198 
— 1.732 


— .0014 


3.6 




.8 


.200 




•3.90 


•—1.532 




.05 


.024 




3.95 


— 1.508 




.05 







4.00 
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=bO 


— 7 


+ 7 1 1.6920 


1 


1 
— 6 


— 6 


1 


• 1.000 


1 


2 


— 1.104 


2 


• — 4.00 


• — 1040 


1 


2.16 


.1008 


•3.0 


— 1.84 


• — .0032 


.6 


2.52 


.0032 


3.6 


•.68 




.6 


.44 
1.12 




4.2 




.6 


.45 




•4.80 


•1.57 




.09 
4.i9 


.01 
1.58 




.09 







The negative root is the sum of the other two, with the sign 
changed (Art 442), or —3.0489. 

6. X=a^—17x'-\'54:X — BoO; ^ = 127 a?+ 1116; 
Xi=3ar» — 34x-f 54; -^ = — . 

JL JLi JL^ Jifi 

x = — 00, — -j- — — , 2 variations, 

a: = 0, — -|- -|- — ^ 2 variations. 

a: = + oo, -j--|--|- — ^ 1 variation. 

Hence there is only one real root, and that is positive; By 
trial, the integral part of that root is found to be 14. 
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— 17 


+ 54 


— 350 1 14.95407 


14 


— 42 
12 


168 


— 3 


• — 182.000 


14 


154 


170.379 


11 


• 166.00 


• — 11.621 


14 


23.31 


10.741 


•25.0 


189.81 


• — .880 


.9 


24.12 


.865 


25.9 


• 213.43 


• — .015 


.9 
26.8 


1.39 
. 214.82 


.015 


.9 


1.39 





♦ 27.7 ♦ 216.21 
7. Bj trial, the first figure of the root is found to be 9. 



±0 
9 


— 3 

81 

78 

162 


+ 75 
702 
777 

2160 


— 10000 1 9.8860027 
6993 


9 
9 


• — 3007.0000 
2677.5616 


18 
9 


240 
243 


♦ 2937.000 
409.952 


» — 329.4884 
306.1662 


27 
9 


• 483.00 
29.44 


8346.952 
434.016 


• — 23.2722 
23.2616 


•36.0 
.8 


512.44 
80.08 


• 3780.968 
46.110 


• — .0106 
.0078 


36.8 
.8 


542.52 
80.72 


3827.078 
46.862 


• — .0028 
.0027 


37.6 
.8 


• 573.24 
3.14 


• 3873.44 
8.50 




38.4 
.8 
•39.2 
.08 


576.38 
3.15 

579.53 
3. 


8876.94 
8.50 
• 3880. 




39.28 


•588. 
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RECURRING OR RECIPROCAL EQUATIONS. 
(Art. 497, pp. 383, 384.) 

2. Given a^^— 11 a:*+ 17x«+17x«— lla:+ 1 = 0. 

By Art 494 it is evident that one root of the equation is — 1 ; 
we therefore divide by x -|- 1. 
Depressed equation, a:*— 123:* + 29 a:^— 12 x+ 1 = 

Dividing by ar», a;3_i2a: + 29 — ^ + j = 

Or, (^ + i)_l2(x + l) + 29 = 

Substituting y for a:+ -, mdt/^ — 2 for a:^ + ;j> 

y2_i2y4-27 = 
Completing square, ^ — 12y-|-36 = 9 

Whence, , y = 9, or 3 

Replacing value of y, a? + ~ == ^> or 3 

a^—^x-^- 1=0, or ar»— 3a;+l = 

a:^— 9a: + ^ = V-» or ar»— 3x+t = | 

a: = ~^— , or ^ = ~2^ 

3. Given a:« + 2a:* — 3a:« — 3ar»-f 2a:+ 1 =0. 

By Art 494 one root is — 1 ; we therefore divide by a: -[- 1. 
22* 
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Depressed eqaation, a^-f-a:* — 4a:'4"*^"^=^ 

Dividing by «», (a:«+^) + (x+l)-4 = 

Subst. y for x4- -, y*+y — 6 = 

Completing square, y* -j- y -|- ^ = ^ 

Whence, y = 2, or — 3 

Replacing value of y, x-f- ~ = 2, or — 3 

a:*— 2ar+l=0, or a:» + 3a: + l = 

ar— 1=0, or a:«-f 3a: 4-i = f 



a: = 1, or 1, or 



2 



4. Given a:* — a:'^-f-a:* — a:*-|-a: — 1=0. 

By Art 495, two of the roots are -f- 1 and — 1 ; we therefore 
divide by a:^ — 1. 
Depressed equation, a;* — a:*-|-2a:^ — a:-|-l=0 

Dividingby«», (a^+i)_(a: + l) + 2 = 

Subst. y for X -[- -, ' y^ — y == 

Whence, y = 0, or 1 

Replacing value of y, a; + - =: 0, or 1 

a:«-{-l=0, ora:^— x+l=0 

a:« = — 1, or a:^— a: + i = — I 

a: = ^V=T,or a: = '^^^ 

5. Given a:*4~i'^+i'^"f" 1 = 0- 

By Art. 494, one root is — 1 ; we therefore divide by a:+ !• 
Depressed equation, ^-{"(p — l)a:-)-l =0 

Completing square, «" + {/> — 1) ^ + (^^i~ I = ^ "" ^^ 

Whence, a; = J (1 —p±.Vp^—2p—B) 
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6. Given 6a;* + 5a:« — 38a:a + 5x+6 = 
Dividing by ar», 6 (a:»+i) + 5 (x + i^ — 38 = 

Subst y for x + i, and y* — 2 for ar» + ^ (Art. 496), 

6y2_12 + 5y— 38 = 
Or, y«+|y_j^ = 

Completing square, y^ + i!f + ^ = -SW 

Whence, y = "~^^^^ 

' ^ 12 

Or, y=:|,or— J^ 

Replacing value of y, ar + - = J, or — J^ 

a:«_ja: + l=0, or x^ + Jj^ar+l = 

^— l« + « = A, or a:^ + Jj^a: + iV^ = Y 

a: = 2, or J, or x = — ^, or — 8 

7. Given 5 x*— 51 a:* -I 160a:«— 160a:«4-51 x — 5 = 0. 
By Art 494, one root is + 1 ; we therefore divide by a; — 1. 

Depressed equation, 5ar* — 46a:*-|-114a:^ — 46ar-j-5 = 

Dividing by x", 5 (^ + ^) — -^6 (a? + ^) + 114 = 

Subst y for 1 4-^, 5^^ — 46^+ 104 = 

Or, y2_iyiy-^l^i = 

Completing square, t/^ — ^y + W = A 

Whence, y = — 

Replacing value of y, a; -f- - = ^, or 4 

3^ — ^x-]-l =0, or »* — 4x4-1 =0 

a:2 — i^a:+i5fta = J^, or ar» — 4a: + 4 = 3 

13ibl2 ^ /- 

x=— y— , or a: = 2±V3 

a? = 5, or J 
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8. Given «* + 5a:» + 6a:+l =0 

Dividing by !>?, (0?+ i) + 5 (x -f i) = 

Substyforl + p y» + 5y— 2 = 

CompletiDg square, ^+5y + ¥ = V^ 

Whence, y = i(— 5dbV33) 

Beplacing value of y, a: + - = ^^ — 

Whence, x«+ (^^^V^) a:+ 1 = 

Compl. square, ^-^-^ 2^j^+^ — 4 / ~ 16" 

Evolving, a: •\ f— — zfc ^ le"; 

Or, a:=— fztiV33dri(42q::l0V33)* 

BINOMIAL EQUATIONS. 

(Arts. 506, 507, pp. 386, 387.) 

8. Let a?" = 1, or a:^— 1 = 0. Then, by Arts. 494, 501, 
one root of this equation is -f- 1 > we therefore divide 7? — 1 by 
ar— 1. 

Depressed equation, x^-j- x + 1 = 

Completing square, «*-|-^H"i = — I 

Whence, a? = J (— 1 ± V-^) 

4. Given a:* -}-«' = ^ , 

Substituting a y for x, a* y* + a* = 
Dividing by a', y*+ 1 = 

By Arts. 494, 501, one root is — 1 ; we therefore divide by 

y+i> 
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Depressed equation, y^ — y-)- 1 = 

Completing square, y^ — y-[-;^ = — | 



Whence, y = i (1 ± V— 3) 

Multiplying by a, ay=:x=-(lit V — 3) 

It is also evident that if one value of y is — 1, one value of x 
must be — a, 

5. Let a:* = 1, or a^ — 1 = 0. Then, by Arts. 495, 501, the 
only real roots are -j- 1 and — 1 ; we therefore divide by a:^ — 1. 

Depressed equation, x^-j- 1 = 

Whence, a; = ± V— 1 

6. By Arts. 494, 501, the only real root is — 1 ; we therefore 
divide by a: -j- 1. 

Depressed equation, ar* — a^-^-x^ — a;-|-l =0 

Dividing by a^, (a:«+i) _ (»: + 1) + i = o 

Substituting y for a: + -, y^ — y — 1 =: 

Completing square, ^ — y -}- J^ = | 
Whence, y = id=iV5" 

Replacing value ofy, aj-|-- = ^;±:J Vs 

Or, a:a_^(l-i.V5)ar+l = 

Compl. square, a:^— i(l it V5)ar+TV (1 ± VS)^ = —^^^^^^l^ 

Whence, a: = i (1 ± Vs ± V— 10±2v^5) 

The above example may also be solved like Example 2. 



7. The factors of a:* — a* are a^-^-a^ and o? — a\ When 
a:* -{- a* = 0, a; = — a, and - (1 ± V — 3), by Example 4. 
When a:* — a* = 0, the substitution of ay for ar gives y* — 1=0, 
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in which y = 1, and — i (1 zfc V — 3), by Example 3, and multi- 
pljing by a, x= a, and — o ^^ ^ V — 3). 

Hence x = ± a, and ±^ (li V^). 
jt 

The above equation may also be solved by means of Arts. 495, 
500, 501, without separating it into two factors of the third de- 
gree. 

8. Substituting 2yforx* we have Sy* — 8 = 0, cry* — 1 
= 0, whose roots are 1, and J ( — 1 ± V — 3), by Example 3. 
Multiplying by 2, and replacing the value of y, 

2 y = x* = 2, and — 1 it V— 3 
Squaring, a: = 4, and — 2 =F 2 V— 3 

9. Substituting 3y for x* we have 81 y* — 81 = 0, or y* — 1 
= 0, whose roots are ± 1> and ± V — 1 by Example 5. Multi- 
plying by 3, and replacing the value of y, 

3y = x^ = zfc 3, and i 3 V— 1 
Cubing (Art. 256), x = ± 27, and ^ 27 V^^ 

As the sign =p in the last two examples is independent of all 
others in the same expression, it has the same force as -4- . 

CARDAN'S RULE FOR CUBICS. 

(Art. 513, pp. 390, 391.) 

3. Here j9 = 6 and y = — 2. Substituting in formula (B), 
Art 508, 

X = (1 + Vi + 8)i + (1 — vr+8)^ 

Reducing, x = VT -)- V — 2 
Or, x = >v'4 — -V^ 
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4. Given 




a»—ex-\-9 = Q 


2 

Substituting af-}~ ~ 


for 


«^, **+|i + 9 = 


Or, 




^•_)_92«_|_8 = 


Compl. square, 




a« + 9a»+iy- = :^ 


Whence, 




*'+| = ±| 


Then, 




a» = — 1, or— 8 


And 




z = — l,or — 2 


Substituting, . 




«=« + ! = — 1—2, or 


Or, 




x = —S 
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Dividing x* — 6 ar -f- 9 by x + 3, we obtain 

Depressed equation, a^ — 3x-|-3 = 
Completing square, a^ — 3a;-j-|= — J 

Whence, x = ^ 

5. Substituting y + 2 for ar, in order to remove the second 
term (Art. 466), we obtain 

y8_j_45y_93_o. 

The substitution may best be effected by synthetic division, as is 
shown in Example 9. 

Substituting 45 for p, and — 98 for q, in formula (B), 

y = (49 -f.\/2401+3375)*+ (49 — V2401+3375)3 

Or, ^ = 4^49 + 76 + ^^49 — 76 = 5 — 3 = 2 

Hence, a:=3^ + 2 = 2 + 2 = 4 

The same result may be obtained by substituting z for y, 

and going through the operation according to the Rule, as in the 
4th example. 

Dividing a? — 6ar* + 57 ar — 196 by x — 4, we obtain 
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Depressed equation, 7^ — 2x4"^^ = ^ 
Completing square, 3? — 2a:-{-l = — 48 

Whence, x = 1 i 4 V^^ 

6. Substituting y + J for a:, in order to remove the second 
term (Art 466), we obtain 

Substituting — ^ for/>, and ^yyi for q, in formula (B), 

y=(— WhV^«F-^^ll^)*+(-W-VMIf^-^flF)* 
Or, y = 4cn^+.2^=:^ = -l_^=_j^ 

Hence, x = y + J = — J^ + J = — f = — 2 
Dividing x* — 4x^ — 3x-|-18byx-j-2, we obtain 
Depressed equation, x' — 6'x -j- 9 = 
Whence, x = 3, or 3 

7. Substituting y -{- 8 for x, 

y8_216y — 1241 =0 

Substituting — 216 for jo, and — 1241 for q, in formula (B), 

y=(ii^4yiA±£iiiJ — 373248)3+(J^l—V'-^-^S^^-^— 373248)3 

Or, = (JJ^ + aii)i + (1^1 — a Ji)i = >v'729 + 4^512 

= 9 + 8 = 17 
Hence, x =y + 8= 17 + 8 = 25 

Dividing x* — 24 x* — 24 x — 25 by x — 25, we obtain 
Depressed equation, x^ + x + 1 =0 
Completing square, x^ + x + i = — | 

Whence, x = ^ 

8. Substituting y — 3 for x, 

y»_48y+ 128 = 
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Substitating. — 48 for py and 128 for q^ in formula (B), 

y = (— 644-V4096— 4096)*+ (— 64— V4096— 4096)* 

Or, y = 4^ir64 + vCr64 = — 4— 4= — 8 

Hence, a: = y — 8 = — 8 — 8 = — 11. 
Dividing ar*-|-9a:^— 21 a: + 11 byx+ll, 

Depressed equation, a^ — 2a:+l = 
Whence, a: = 1, or 1 

9. Substituting y + f f6r x, 

1-2 +2 -1 l+l 

I -f +t» 

-f +¥, -ifr 

±i Hi 
-i +« 

±i 


Hence y« + fy — ^ = 0. 
Substituting f for p, and — ^ for q, in formula (B), 

y = (A+V,,«^+7f^)*+(A-Vrff^+7|^)* 

Or, y = (a+v;Im;)*+ (/^-v^jit;)* 

Hence, a: = y + f = J + f = l 

Dividing a:* — 2 a:* + 2 a: — 1 by a: — 1, we obtain 

Depressed equation, 3^ — a?+ 1 = 

Completing square, 7^ — a?+^ = — | 

«« 14-4/=^ 
Whence, x = 1 

The above equation may also be solved as a recurring one. 
23 
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10. Substituting 6 for />, and — 20 for q^ in formula (B), 

x=(io+Vioo4-8)*+(io— Vioo4-8)i 

Or, x=(104-6V3)*+(10 — 6V3)*=14-V34-1— V3=2 

Dividing a:* -f- 6 x — 20 by a: — 2, we obtain 
Depressed equation, t^-^^x-^IO =.0 

Completing square, a:*-(-2a:-|-l= — 9 

Whence, a? = — 1 ± V^ =— IzbSV^ 

APPROXIMATION BY DOUBLE POSITION. 

(Art. 615, pp. 392, 393.) 

2. When 8 and 4 are substituted for x in the equation we 
have 

a:* = 4- 27, and + 64 
— 2a: =— 6, and — 8 
— 50 —50 

Errors = — 29, and -|- 6 
It is evident that 4 is nearer the true root than 3 ; hence a =4, 
5 = 3, u4 = 6, and B^= — 29. Substituting these values in 
the formula, 

- = ^ + ^^ = 4 + =^ = 4-(.2-) = 3.8+ 

When 3.8 and 8.9 are substituted for ar, we have 
«» = + 54.872, and + 59.319 
— 2a: =— 7.6, and — 7.8 
_50.0 —50.0 

Errors = — 2.728, and -f 1.519 
As 3.9 is nearer the true root than 3.8, a = 3.9, 6 = 3.8, 
A = 1.519, and B = — 2.728. Substituting these values in the 
formula, 
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~ 1.62 + 2.78 ~ 4.25 

= 3.9 — (.036 — ) = 3.864 + 
When 3.864 and 3.865 are substituted for x, we have 
ar«= 57.69144, and 57.73624 
— 2x = — 7.72800, and —7.78000 
— 50.00000 —50.00000 
Errors = — .03656, and -f .00624 
Here a = 3.865, 5 = 3.864, ^ = .00624, and ^= — .03656. 
Substituting in the formula, 

.00624(8.864-3.865) -,00000624 

' .00G24 + .08656 • .0428 

= 8.865 — (.000146—) = 3.864854 + 

8. When 4 and 5 are substituted for x in the equation, we have 

3i*= 64, and 125 

10a:«=160,and 250 

5x = 20, and 25 

— 260, —260 

Errors = — 16, and + 140 

The difference of the errors is 140+ 16, or 156. 

Then, 156 : 1 :: 16 : .1, the correction. 
Hence, a:= 4+ (.1 +) = 4.1 + 
When 4.1 and 4.2 are substituted for x, we have 

ar«= 68.92, and 74.09 

10a:« = 168.10, and 176.40 

5x = 20.50, and 21.00 

— 260.00, — 260.00 

Errors = — 2.48, and + 1 1.49 

The difference of the errors is 11.49+2.48, or 13.97. 

Then, 18.97 : .1 :: 2.48 : .017 + 

Hence, a: = 4.1 + (.017 +) = 4.1 17 + 
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When 4.117 and 4.118 are substituted for x, we have 

7f= 69.78187, and 69.83273 

10 «* = 169.49689, and 169.57924 

hx — 20.58500, and 20.59000 

— 260. —260. 

Errors = — .13624, and .00197 

The difference of the errors is .13624 + .001 97, or .13821. 
Then, .13821 : .001 :: .00197 : .000014 
Hence, x= 4.118 — .000014 = 4.117986 

4. When 2 and 3 are substituted for x in the equation, we have 
a:*= 8.0, and 27.0 
8 0^ = 32.0, and 72.0 
6 a: = 12.0, and 18.0 
— 75.9 —75.9 

Errors = — 23.9, and + 41.1 
The difference of the errors is 23.9 -|- 41.1, or 65. * 

Then, 65 : 1 :: 23.9: .4— 
Hence, a? = 2 -f (.4 — ) = 2.4 — 
When 2.3 and 2.4 are substituted for a:, we have 

a* =12.167, and 13.824 

8 a:^ = 42.320, and 46.080 

6 a: =13.800, and 14.400 

— 75.900 —75.900 

Errors = — 7.613, and —1.596 

The difference of the errors is 7.613 — 1.596 = 6.017. 

Then, 6.017 : .1 :: 1.596 : .02 + 
Hence, a: = 2.4 + (.02 +) = 2.42 + 

When 2.42 and 2.43 are substituted for a:, we have 
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«» = 14.1725, and 14.8489 
Ba^= 46.8512, and 47.2392 
6 a: =14.5200, and 14.5800 
— 75.9 —75.9 

Errors = — .3568, and +.2681 
The difference of the errors is .8563 -f- .2681, or .6244. 
Then, .6244 : .01 :: .2681 : .0043 
Hence, a; = 2.43 — .0043 = 2.4257 

5. When .6 and .7 are substituted for x in the equation, we 
have 

a* = .22, and .34 

\ix = .41, and .48 

— .75 —.75 

Errors = — .12, and + .07 

The difference of the errors is .19. 

Then, .19 :: .1 :: .07 : .04 — 
Hence, a: = .7 — (.04 — ) = .66 + 
When .66 and .67 are substituted for x, we have 
a* = .287496, and .800763 
\ix = .453750, and .460625 
— .750000 —.750000 
Errors = — .008754, and + .01 1388 
The difference of the errors is .020142. 

Then, .020142 : .01 :: .008754 : .0043-}- 
Hence, a: = .66 + (.0043 +) = .6648 + 
When .664 and .665 are substituted for x, we have 
a* = .292755, and .294080 
JJa? = .456500, and .457188 
— .750000 —.750000 
Errors = —.000745, and + .001268 
23 • 
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The difference of the errors is ,002013. 

Then, .002013 : ,001 :: .000745 : .00037 
Hence, x — .664 + .00037 = .66437 

6. When 10 and 1 1 are substituted for a; in the equation, we 
have 

a?* = 10000, and 14641 

— Za^= —300, and —363 

— 75 0? = — 750, and — 825 

— 10000 — 10000 

Errors = — 1050, and -|- 3453 

The difference of the errors is 4503. 

Then, 4503 : 1 :: 1050 ; .2-}- 
Hence, a: = 10 + (.2 +) = 10.2 + 

When 10.2 and 10.3 are substituted for x, we have 

a^ = 10824.32, and 1 1255.09 

— Za^= —312.12, and —318.27 

— 75 a: = —765.00, and —772.50 

— 10000.00 —10000.00 

Errors = —252.80, and +16432 

The difference of the errors is 417.12. 

Then, 417.12 : .1 :: 164.32 : .039-}- 
Hence, x = 10.3 — (.039 +) = 10.261 — 

By substituting 10.26 and 10.27, the next figures of the root 
may be obtained. 



7. When 8 and 9 are substituted for a; in the equation, we 
have 
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«» = 


32768, and 


59049 


2a:* = 


8192, and 


13122 


3«» = 


1536, and 


2187 


4«* = 


256, and 


324 


5z = 


40, and 


45 




— 54321 


— 54321 
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Errors = — 11529, and -f 20406 
The difference of the errors is 31935. 

Then, 31935 : 1 :: 11529 : .4— 
xience a: = 8.4, nearly. After substituting 8.4, it is found too 
smaU, instead of too large ; hence we use 8.5 for the other value. 
When 8.4 and 8.5 are substituted for a;, we have 

7^ = 41821.194, and 44370.531 
2a:*= 9957.427, and 10440.125 
3x»= 1778.112, and 1842.375 

40^= 282.240, and 289.000 

hx = 42.000, and 42.500 

— 54321.000 — 54321.000 

— 440.027, and -f 2663.531 
The difference of the errors is 3103.558. 

Then, 3103.558 : .1 :: 440.027 : .014+ 
Hence, a: = 8.4 + (.014 +) = 8.414 -f 
Bj substituting 8.41 and 8.42, or 8.414 and 8.415, for x, the 
other figures of the root may be obtained. 

NEWTON'S METHOD OF APPROXIMATION. 

(Art. 516, p. 394.) 

2. When 1 and 2 are substituted for x in the equation, the 
results are — 1 and 3, respectively ; hence a root lies between 1 
and 2. Substituting 1 -|-y for a:, there results 
1— 3^2— y« = 0. 
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whence, approximately, y*=J, y=^^ = «5, and a: = l-[--5 
= 1.6. 

Substituting 1.5 -f- z for a;, tbere results 

.125 — 3.75« — = 0, 

.125 
whence, approximately, z = -— = .03 and x = 1.5 -|- -03 =1.53. 

Substituting 1.53-4-^ for x, there results 

.008423 — 4.0227 IT — = 0, 

whence, approximately, w = -jno^ = -00209, and 

X = 1.53 + .00209 = 1.53209. 

3. When 1 and 2 are substituted for x in the equation, the 
results are — 1 and 24, respectively ; hence a root Hes between 
1 and 2, and nearer to 1. Substituting 1 -|-y for x, there results 

1 — 36y+12y«— y» = 0, 
whence, approximately, y=.^-=i .03, and a: = 1 + .03 = 1.03. 
Substituting 1.03 -(-« for x, there results 

.069227 + 35.2827 z — = 0, 

069^27 

whence, approximately, z = — ' " = — .00196 and 

ud. 2o27 

a; = 1.03 — .00196 = 1.02804. 



THE END. 



Wm. L. Morgan, CompoBltor. 
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ALBERT J. MANCHESTER, 
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" Gbeenleap's Arithmetics have always obtained my prefer- 
ence. The Sisters of Charity, who have lately opened an estab- 
lishment, also adopt the Conmion School Anthmetic." 

BROTHER HUGHES, 
Christian Brothers Schools, Toronto, C. W. 



"I have examined Gbeenleaf's Elementary Algebra, and 
made daily use of it, hearing recitations of a class, testing it in 
this way. It stands class test well. I pronounce it better than 
any other I have tried. Its explanations are lucid; more so 
than Ray's or Robinson's." W. E. CLIFFORD, 

Superintendent of Schools, Mendota, HI. 



^ I have carefully examined Grbenleaf*s New HiaHEB Al- 
OBBRA, and do not hesitate to pronounce it a superior work. It is 
admirably systematized, and its rules and explanations are clear and 
concise." GEO. S. JONES, 

Instnictor Id Mathematics, Quaker City Business College, Philadelphia. 



From New York City. 

^ The undersigned, Principals of Female Fnblic Schools in New 
York City, having used and fully tested in the various departments 
under our charge Gbbenleaf's New Pbimabt, Intellectual, 
Common School, and National Arithmetics, do most readily 
express our preference for them on account of their clearness, con- 
ciseness, and the varied application of numbers to every department 
of private or business life." 



S. WRIGHT, G. S. No. 50. 
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*^ In my estimation Greenleaf 's Arithmetics rank among the best 
text-books in use. Pupils trained by his analysis will not only ac- 
quire a thorough knowledge of the topics illustrated, but will also 
become correct and logical thinkers, properly prepared to enter upon 
the study of the higher mathematics, or pass on to practical life." 

L. H. WATERS, 
Principal of Gram. School No. 45, New York. 



"Having for a long time used Geeenleaf's Arithmetics, I 
can express my entire satis&ction with the series, and recommend 
their introduction to others." T. DWIGHT MARTIN, 

PrinciDal of Ward School No. 82, New York 



*' I have used many Arithmetics of repute, with more or less suo^ 
cess, but I am better satisfied with Gbeenleaf's than any others. 
There are several reasons for preferring Greenleaf *s books : — they 
successfully prepare pupils for business ; they are the results, evi- 
dently, of great care and labor ; in them the relations of quantities 
are most happily treated ; and their examples are the best I have 
seen for developing, illustrating, and showing the application of the 
principles enunciated. In fact, these books combine intense and 
original thought, as modified by large experience in teaching. They 
discipline the mind, and make self-reliant scholars." 

J. H. PARTRIDGE, 
rrincipal of Ward School No. 48, New York. 



" The subscribers, Principals of New York City Public Schools, 
having used Greenleaf*s Series of Arithmetics for many 
years, consider them as well adapted to every condition of mental 
culture. These books we consider superior to others for lucidness 
of explanation, brief and clear analysis, and the simplicity with 
-which they enter into the treatment of numbers in their various 
combinations." 



E. P. WORTH, G. S. No. 
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O. O'DONNELL, « « 1. 
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"I have used Greenleap's Mathematical Series several 
years, and have also used other similar works, but have found none 
so well adapted to the wants of the public as Greenleaf 's." 

H. M. SANBORN, 
Prmcipal of Ward School No. 10, New York. 



" You may say to the publishers of Greenleaf's Arithmetics 
that the Brothers of the Christian Schools will adopt that series in 
their schools hereafter." BROTHER AMBROSE. 



From tbd City of Philadelphia. 

"I have examined Greenleaf's Arithmetic, Algebra, and 
Geometry, in conjunction with Prof. M'Clune, Professor of 
Higher Mathematics in this institution ; and we have heartily 
concurred in the opinion that they are the best works of the 
kind published." NICHOLAS H. MAGUIRE, 

Principal of Central High School. 



"During seven years I have had Gbeenleaf's National 
Arithmetic in constant use, and have found it to be a very 
serviceable and superior work. I have also examined the other 
mathematical works included in the series, issued by Benjamin 
Greenleaf, and am of the opinion that in conciseness of rules, 
accuracy of definitions, and scope of examples, it is unsurpassed 
by any other series with which I am conversant." 
ALEX. H. LAn)LAW,A.M., 

Principal of the Monroe Boys' Grammar School. 

The undersigned fully concur in the favorable opinions 
expressed above of Greenleap's Mathematical Series. 
JAMES H. ELDRIDGE, A.M., 

Principal of Hancock Boys* Grammar SchooL 
EDWARD GroEON, A.M., 

Principal of Penn. Boys' Grammar SchooL 
WILLIAM STEPHENS, A. M., 

Principal of J. Q. Adams Granmiar SchooL 
PHILIP CHESSMAN, A. M., 

Principal of S. W. Boys* Grammar SchooL 
WILLIAM STIRLING, A. M., 

Principal of Locust Street SchooL 



"We have adopted Greenleap's National Arithmetic 
as our text-book, and recommend it most earnestly to the 
favorable consideration of the community in general, and to the 
business men in particular, for the masterly manner with which 
the author has treated commercial calculations." 

DUFF & CO., 

Mercantile College, Chestnut and Eighth Streets. 



"I highly approve Grbenluaf's 'New Elementary Algebra 
It is a thorough practical treatise, and free from abstruse unde- 
fined technicalities, rather enticing than forbidding to the 
learner 5 therefore calculated to be a useful work." 

SAMUEL ALLEN, 
Principal Friends Corporation School 



The Voice of New York City. 
*' During late years an unusual number of treatises on Algebra 
have been published, among which Greenleap's New Elemen- 
tary seems to me to be worthy of particular notice. Like his 
Vvork on Arithmetic, the matter of his Algebra is well arranged, 
and embraces all that is usually required in that branch of learn- 
ing. The rules for solution of examples are plain, concise, and 
easily understood by students of ordinary capacity, and there is 
no extraneous matter swelling the book without adding to 
its utility. The examples are well selected and illustrate the 
principles involved in every case. I would therefore heartily 
recommend this Algebra to all who would acquire a complete 
knowledge of the subject, without encounteririg difficulties at 
every step of their progress." 

DAVID PATTERSON, 
Principal of Grammar School No. 8. 

We heartily concur in the above opinion of Dr. Patterson. 
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From the City of Baltimore. 
Wbbtbrn Fbmalb High Sohool, Baltimore, Feb. 16th, 1865. 
^ I have examined with care Greenleaf's Series of Mathemati« 
cal Works, and it is my deliberate opinion that they are superior to 
any similar works yet published. 

^ The definitions are clear and comprehensive, the rules are ad- 
mirably illustrated, and the examples under each unusually woll 
selected. The arrangement^ also, is excellent. I, therefore, very 
freely commend them to the notice of those who may desire to make 
thorough scholars in the department of which these works treat." 
D. A. HOLLINGSHEAp, Principal. 
** I freely indorse the above opinion." 

GEO. M. ETTINGER, 
Principal Male Grammar School No. 12 



Baltimore, Feb. 16, 1866. 
<^ 1 have been acquainted with Greenleaf's Arithmetic and Al- 
gebra for some years. There are few men who know how to make 
good school-books. Mr. Greenleaf is one of these. What I espe- 
cially like in his books is, the fact that the pupil can work any ques- 
tion by the rule under which it is placed. This is a matter of great 
moment in a large school, where economy of time is desirable. His 
subjects are progressively arranged, making the passage to a higher 
step easy and natural. His reasoning is clear and simple, and the 
examples amply sufficient to illustrate the rules. In fact, I have 
always regarded Greenleaf's Mathematical Works as the best school- 
books that have ever been published. I am sure that an impartial 
opinion will pronounce favorably concerning these books." 

WM. K CREERY, 
Principal Grammar School No. 6, and of the City Normal School. 



Eastern Fbmalb High School, Baltimore, Feb. 16, 1866. 
'^ The undersigned, with pleasure, testifies to the excellence of 
Greenleaf's Mathematical Series, and believes them to be fully 
equal to any in use." NATH. H. THAYER, Principal. 



Baltimore, Feb. 16, 1865. 
" I used Greenleaf's * National Arithmetic ' for many years, and 
until the Revised Edition appeared ; when, finding it too full for my 



school, I took the < Common School Arithmetic ' instead, and find it 
better suited to my school than any book I have ever tried. 

*' The rules are dear and simple ; the work is not overloaded with 
foreign matter; and the examples are sufficiently numerous, are 
dearly stated, and so varied in statement, that the pupil cannot per- 
form them, parrot-like, by being shown how to perform the first one. 
The right method must be understood, or there will be stumbling at 
nearly every new problenL I regard this as a very important feat- 
ure in the work. 

" I have lately introduced Greenleap's * New Elementary Alge- 
bra' into my school, and it possesses the same characteristics as his 
Arithmetics. We like it exceedingly." N. H. MORRISON, 

Principal of Toung Ladies' Academy. 



From the State of Maryland. 

Snow Hill, MD.;Feb. 14, 1865. 
^ Please accept my thanks for the copies of Greenleaf's ' New 
Elementary Algebra,' and Greenleaf's * New Higher Algebra,' which 
you sent me. I have examined them, and am very much pleased 
with them, and expect to introduce them into my school. 

" I greatly prefer Greenleaf's Series of Arithmetics to any others 
of which I have any knowledge, and I would desire an entirely uni- 
form series of Mathematical Works. 

^ It would be a favorable time now, at the establishment of the 
public school system in this State, to have Greenleaf's whole Series 
of Mathematical Works uniformly introduced, and it would greatly 
please me to see it done." WM. D. MACKEY, 

Principal of the Academy. 



Elktok, Mo., Feb. 22, 1866. 
I have examined with pleasure and interest, Mr. Gbeenleaf's 
new course of Mathematics, submitted for my perusal, and certainly 
find them embodying all that could be desired. I am particularly 
pleased with the clearness with which principles are stated. The 
works are lucid, comprehensive, and practical ; and I shall take 
oleasure in recommending them to the notice of our Board." 

W. H. ZIMMERMAN, 
Principal of Central High School of Cecil Co., Md. 



From the Keystone State. 

^ I have examined with mnch pleasure the Mafhematical Works 
of Prof. Greenleaf, and have no hesitation in pronouncing them 
superior in many respects to any other series with which I am 
acquainted. The National Abithmetio has heen in use for some 
time in the High School of this dty, and has given much satisfac- 
tion. I heartily recommend it to all teachers who want a complete 
Arithmetic" S. W. REIGART, 

Principal of Male High School, Lancaster, Fa. 



^I have examined with much care Gbbenleae^s New Elb- 
MENTABT Aloebba, and I am free to say that I regard it with 
great favor. The hook bears the impress of a master's hand. The 
style is unaffected and dear, the arrangement logical, the rules plain 
and as condse as is consistent with perspicuity. The examples are 
appropriate and snffidently nnmerons. What strikes me most, how- 
ever, is the uniform exoeUenoe of the work. No part receives un- 
due attention, or any too littie. In 1852 we introduced Gbeen- 
LEAP's Abithmetio into our schools, and still retain it. This is 
the highest compliment I could pay any text-book.'' 

J. GRIER RALSTON, 
Frindpal of Oakland Female Institate, Norristown, Ea. 



^ Having used Gbeenleaf's National Abithhetic for some 
years, I can dieerfully recommend it as a work of superior merit. 
No Arithmetic that I am acquainted with is superior to it, or better 
adapted to convey a thorough and practical knowledge of the princi- 
ples of the science." J. B. D. MEEDS, 

Principal of Second Ward Public School, Pittsburg. 



<<We have adopted Gbeenleaf's entibe Sebies of Mathe- 
matics. Afler a full investigation and trial of their merits, I have 
no hesitation in stating, that I consider them the best works on the 
subject for first-dass schools, and for producing thorough and prao* 
tical scholars." BRADFORD EARNER, 

Princioal of High School, Carbondale, Pa. 



The New Higher Algebra. 

^Gbebnlbaf's New Higher Algebba, in my opinion, ia 
among the very best text-books for a University course." 

S. S. GREENE, 
ProC Nat Phil and Ast, Brown University, Providence 

^ Though my name will add nothing to the authority of the fore- 
going statement, I may express my belief that it is correct." 

B. SEARS, President of Brown University. 



" I have examined Gbeenleaf's New Higher Algebba, and 
find it to be well adapted for giving students a knowledge of this 
branch of mathematical science. The materials are well arranged, 
and the principles are stated with that precision so necessary to a 
perfect comprehension of the subject." Z. HOPPER, 

Prof, of Mathematics, Central High School, Philadelphia. 



** I have examined Gbeenleaf's New Higheb Algebba, and 
am free to say that it is calculated to meet the requirements of the 
highest standard of mathematical instruction in the best High ' 
Schools and Seminaries." BROTHER PATRICK, 

President of Manhattan College, New York. 



** Ailer an experience of twenty years in teaching Algebra, I find 
no text-book on that subject that so completely meets all the re- 
quirements of an advanced class, as ' Greenleaf 's Higher.' It is 
lucid in its explanations, extensive in the range of topics treated, 
sufficiently exhaustive, without being cumbered with what will only 
dishearten the pupiL 

** We predict for it a very extensive use, and that it will prove to 
be one of the few books that will endure." R. T. TAYLOR, 

Principal of Seminary and Institute, Beaver, Pa. 

"I have examined Gbbenleaf's New Higheb Algebba as 
carefully as my leisure would allow, and am prepared to pronounce 
it a work of decided merit. Without specifying particulars, the gen- 
eral scope and treatment of the subject is highly satisfactory. For 
accuracy of definition, clearness of statement, and comprehensible 
development of the science, it commends itself especially to the con- 
fidence of the pupil and the teacher." H. A. PRATT, 

Principal of Public High School, Hartford, Ct 



Geometry and Trigonometary. 

** We have now a large class in Greenleaf's Geometry. I am 
«iitisfied that it possesses many excellences." 

J. C. GREENOUGH, 
State Normal School, Westfield, Mass. 



"The greatest care has evidently been taken with the style of 
Geometry. After a careful search, we have not been able to 
one expression which we felt sure could be improved." 

J. D. RUNKLE, 
TJ. S. Nautical Almanac Establishment. 



^ I know of no handsomer treatise on Trigonometry than Gbeen- 
leaf's ; it much surpasses other authors on the subject." 

B. L. LANG, 
Kenyon College, Gambler, Ohio. 



" I esteem Greenleaf's Trigonometry most highly, as being the 
ONLY text-book of the kind which presents, in a form suitable for 
High Schools, the improved methods of the present day." 

WILLIAM C. ESTY, 
Professor of Mathematics, Amherst College, Mass. 



'' I do not hesitate to say that Greenleaf*s Geometry is simple, 
exact, and complete." BROTHER PATRICK, 

President of Manhattan College, New York. 



" Greenleaf's Trigonometry is a work of great excellence. Its 
merits consist in the adoption of the method of rcUios, and the pres- 
entation of it with unusual simplicity and clearness." 

EDWARD BROOKS, 
Professor of Mathematics, State Normal School, Millersyille, Pa. 



" The Geometry and Trigonometry now meets all the wants of 
the teacher and pupil in that department of study. I can cheerfully 
recommend it as worthy of trial, and in the hands of a good teacher 
as sure of success. It stands the test of the school-room well — the 
only sure guaranty of the merits of any school-book." • 

A. P. STONE, 
Late President American Institute of Instructionr 



Great Favorites. 

« Gbeenleaf's New Primary and New Intellectual 
Arithmetics are greai favorites ; and while tbej attract and 
please, they are gradually leading on and developing the mind and 
preparing it for the more advanced works that follow in progressive 
order." CHARLES B. HALSTEAD, 

Principal of High School, Newburgh, New York. 



A Decided Improvement. 

" Greexleaf's New Intellectual Arithmetic is a decided 
improvement on Colburn's translation of Pestolozzi's metbod of 
teaching the combinations of numbers, which has been so long a 
standard work ; the exercises of the former for training the pupils 
are much more numerous, varied, and practical. I know of no bet- 
ter work of the kind for drilling a class." 

J. H. PARTRIDGE, 
Principal of Ward School No. 48, New York. 



Seat Books on Arithmetic. 

" Bolli Greenleaf's Common School and National Arith- 
metics have recently been revised and much improved ; and we say 
now of the whole series what we said ten years ago of the * Com- 
mon School,' we deem them the best hooks on Arithmetic^* 

LEVI DODGE, 
Principal of Grammar School, West Boxbury, Mass. 



The Secret. 

** The secret is, Mr. Greenleaf has had time to find out what is 
wanted in an Arithmetic, time to secure that desirable matter, and 
time to arrange it in the best order ; cmd his Arithmetics were 
excellent years ago, and it might be naturally expected that the last 
of the several revised and improved editions would be near peifeo- 
tion. In this I have not been disappointed." " 

ALBERT J. MANCHESTER, 
Prindpai of Prospect Street Grammar School, Providence. 



The Very Best in the English lAngoage. 

^ From long use of part, and a careful examination of the whole, 
of Greenleaf's Mathematical Series, we are satisfied that it 
18 the very best in the English Language. Some time since it was 
introduced into this institution ; a more general satis&ction to both 
teachers and students could not possibly be given." 

W. S. SMYTH, 
Prindpal of Wyoming Com. College, Kingston, Pa. 
GEO. FORSYTH, 
Professor of Mathematics in Wyoming Seminary, Kingston, Pa. 



The Best Work on the Subject. 

'^ I have been teaching Algebra for ten years, and believe Greek- 
leaf's New Elementary Algebra, now used in my school, to 
be the best work on the subject that has been presented to the Ameri- 
can people ; also his series of Arithmetics I consider unequalled." 

W. W. JAMIESON, 
Principal of Classical School, Keokuk, Iowa. 



The Brinoe of Algebras. 

** Greenleaf's New Higher Algebra, the Prince of Algebras, 
I received, and I can most heartily give it the highest praise. This 
is the crowning work of Mr. Greenleaf's most excellent Mathemat- 
ical Course. I have introduced it, and intend to use it as a perma- 
nent text-book." E. B. JENNINGS, 

Principal of High School, New London, Ct. 



The Qolden Mean. 

** The Geometry has many demonstrations that are new, and in its 
preparation Prof. Greenleaf seems to have followed the golden mean 
between Euclid and Legendre ; it is neither too wordy nor too con- 
cise. I regard the whole series as most excellent." 

J. V. N. STANDISH, 
Prof, of Math, and Astronomy, Lombard University, Galesburg, IlL 



" I think Greenleaf's Series a good one, and worthy of exten- 
sive use." JOHN MacNAIR, 

Superintendent of Public Instruction, Louisiana. 
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